


ALGEBRAIC CONSTRUCTION OF THE QUADRATIC
FIRST INTEGRALS FOR A SPECIAL CLASS
OF ORTHOGONAL SEPARABLE SYSTEMS.

SERGIO BENENTT*

Abstract. With the notion of L-pencil, based on the notion of L-tensor, we con-
struct a new class of Stéckel systems such that the quadratic first integrals associated
with the orthogonal separation are computed by a coordinate-independent algebraic
process.
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1. Introduction.

1.1. Stéckel systems. A Stéckel system (S-system) on a Rieman-
nian manifold (Q,, g) is an orthogonal coordinate system (¢*) which allows
the integration by (additive) separation of variables of the Hamilton-Jacobi
equation of the geodesic flow. More precisely, a S-system is an equivalence
class of such coordinates, being equivalent two coordinate systems related
by a rescaling (i.e., by a coordinate transformation with a diagonal Jaco-
bian matrix).

A celebrated theorem of Eisenhart, revised in [3, 4], shows that the ex-
istence of a S-system is equivalent to the (local) existence of a n-dimensional
linear space of Killing two-tensors with common normal eigenvectors; we
call such a space a Killing-Stéackel space (KS-space). This is equivalent
to the existence of a complete system of quadratic first integrals in involu-
tion of the geodesic flow. Any separable coordinate system (g°) associated
with a KS-space is such that the differentials dq’ are common eigenforms.

It is also known that a KS-space is completely determined by one of
its elements, called characteristic Killing tensor (although not unique)
with normal eigenvectors and simple eigenvalues. However, if a character-
istic tensor is given, the full KS-space can be determined by integrating a
system of PDE’s.

1.2. L-systems. There exists a special class of S-systems for which
the whole KS-space can be generated by a single symmetric two-tensor L
through a pure algebraic process. Such a tensor L is a torsionless conformal
Killing tensor with simple eigenvalues and it has been called L-tensor
[2, 3]. This process is based on the following theorem (see [1] for a proof
and further details):
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THEOREM 1.1. Let L be a symmetric 2-tensor. The tensors
(Ka) = (KO; Kla ) anl)

defined by the sequence

(1.1) 5
K, = a2 tr (KaflL)I —K, 1 L, 1<a<n.

form a basis of a KS-space if and only if L is a L-tensor.

Since we are on a Riemannian manifold, any symmetric 2-tensor (co-
variant or contravariant) can be interpreted as a (1, 1)-tensor i.e., as a linear
endomorphism on the space of vector fields or on the space of one-forms.
In the recursive formula (1.1) all tensors must be interpreted in this sense.
In particular, we observe that the identity operator I is the (1, 1)-tensor
associated with the metric tensor.

We call L-sequence (or L-chain) a sequence of the kind (1.1) and
L-system a S-system having this property.

The geodesic flow of an asymmetric ellipsoid (Jacobi) as well as of
any asymmetric hyperquadrics of a Euclidean space, are examples of L-
systems. Within this framework, we can also deal with cofactor and bi-
cofactor systems (see [5] and the bibliography therein).

1.3. L-pencils. Although L-systems form a very special class of S-
systems, they can be used for defining other classes. This idea has been
recently developed by Blaszak [6]. In the present note, I point out the
existence of a further class of S-systems for which the KS-spaces can be
constructed by an L-sequences. We call them LP-systems, since they are
based on the notion of L-pencil:

DEFINITION 1.1. A L-pencil is a linear combination

(1.2) L,=M+mN

which is a L-tensor for all values of m € R.

If we compute the L-sequence (1.1) of a L-pencil (1.2), then each
K.(m) is a polynomial at most of degree a in the parameter m. It is
clear that K,(0) form a L-system and that all the coefficients of these
polynomials are Killing tensors. On the other hand, since the Killing ten-
sors generated by a L-sequence commute as linear operators and are in
involution as first integrals, we get

THEOREM 1.2. Let H, denote the coefficient of mazimal degree in the
parameter m of Kq(m). Then: (i) all tensors H, are Killing tensors; (ii)
they commute as linear operators, H,H, = H,H,; (iii) they commute in
the Lie-Schouten brackets, [H,, Hy] = 0.

Item (iii) means that the quadratic functions on T*@Q associated with
these tensors, Py = H{p;p; and P» = Hyp;p;, are in involution i.e.,
{(P1, Py} = 0.
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DEFINITION 1.2. We call effective a L-pencil for which the tensors
H, are linearly independent.

In this case they form a KS-space. Starting from this theorem and
this definition we can get the following two main results.

THEOREM 1.3. A L-pencil L,, = M + mN is effective if and only if
M is a L-tensor and N has the form N = X ® X®, where X is a conformal
Killing vector field whose associated one-form X is closed, dX® = 0.

THEOREM 1.4. Let Ly, = M+ mX ® X® be an effective L-pencil.
Then: (i) the CKV X is a translation or a dilatation; (ii) all tensors K,
of the L-sequence are linear in m i.e., of the form

K, =Ku +mHg;

(iii) X is an eigenvector with zero eigenvalues of all Hy, H,X = 0; (iv)
the restrictions of the tensors H, to any leaf of the foliation orthogonal to
X form a L-system on that leaf.

We call LP-system a Stéckel system generated by a L-pencil.

REMARK 1.1. A fundamental example of LP-system, that inspired the
definition of L-pencil and guided this research, is the asymmetric spherical-
conical web in R™, where M is a symmetric constant matrix (note that
in this case M is a Killing tensor) with distinct eigenvalues, and X = r
is the radius vector, whose components at a point (z1,...,x,) are just
(1, xn) [2,8].

REMARK 1.2. As shown by Theorem 1.4, LP-systems are of two types,
according to the type of the vector X: dilatational or translational.

REMARK 1.3. These two theorems have an intrinsic character: any
L-sequence can be computed by using any suitable coordinate systems.
However, they have a local meaning, not only because the global existence
of special objects, like conformal Killing vectors (in particular, dilatations,
etc.), is known to be impossible on certain kinds of Riemannian manifolds,
but also because of the structure itself of a KS-space. For instance, the
independence of the tensors H, may occur in an open subset of @, with
the exception of a closed singular set. {

2. Differential conditions. The torsion H(A) of a (1, 1)-tensor A
is defined by

(2.1) HJ5(A) = 2(Alom AY — Ay 0L AT).
For the torsion the following additive rule holds

(2.2) H(A +B)=H(A)+H(B) +2T(A,B).
where?

(2.3) TZ;(A, B) = Aﬁawa] - Aﬁla{iBﬁ + B{;a|h|A§] - Bﬁla[i ;7]1

IThe tensor T(A,B) hab been introduced by Okubo, [12], formula 3.9.
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In the definition (2.1), as well as in (2.3), the partial derivatives 9; =
0/0q" can be replaced by the covariant derivatives V; associated with any
symmetric linear connection (in particular, the Levi-Civita connection):

HZ(A) = 2(AﬁV|h|A§] — Aan[iA?]l),
k _ AR k k m h k k m
Tij(A, B) = A[iV|h|Bj] — AmV[iBj] + B[iV|h|Aj] — BmV[iAj] .
By applying the additive rule (2.2) to equation HM + mN) = 0 we
get

THEOREM 2.1. The tensor L, = M +mN is a L-pencil if and only
if 1) M is a L-tensor, (ii) N is a torsionless CKT and (iii)

(2.4) T(M, N) = 0.

3. Algebraic conditions. Let us compute the first elements of the
L-chain (1.1) for a L-pencil L = M 4+ mN. The first step of the L-chain
(1.1) gives

Ki=trL,I-L,=trM+mtrN)I-M —mN
=(pu+mv)I-—M-—mN,

where
1= trM, v =trN.

Hence,

Kio =pul—M,
(3.1) K =Ko +mKj { Ky, = vI—N,
and
(3.2) H; =K;; =vI-N

The second step gives

(3.3) K; = Koo + mKay +m? Koo,

with

Koo = 1 (02 —tr M?*) I — p M + M2,

Ko = (uv —tr MN)I — vM — u N + MN + NM,

Kggi%( 2—tI‘N2)I—I/N+N2.
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REMARK 3.1. These equations shows that we have to deal with two
types of L-systems,

(3.4) Type-1: Koj =1 (12— trN?)I-vN+N? =0,

(3.5) Type-2: Koj =112 —trN?)I—vN+N? #£0.

These are algebraic conditions involving the tensor N only. For a type-1
L-pencil we have

(36) Hy =Ky = (uv—trMN)I — vM — uN + MN + NM,
and for a type-2 L-pencil,
Hy = Ky = %(VQ—tI‘NQ)I—I/N—‘rNQ
=1tr(H;N)I-H; N.
This last expression compared with (3.2) shows that H; and Hy are the

first two elements of the L-chain generated by the torsionless tensor IN.
Going back to Eq. (3.3) we observe that the coefficient of m3 of

K3 = %tr (KQLm) I- KQLm
is the tensor
K33 = %tr(KQQN)I—KQQN: %tr(HgN)I—HgN

This is sufficient to show that a type-2 L-pencil L,, = M+ mN generates
the L-chain of N. This means that if N has distinct eigenvalues (i.e., it
is a L-tensor) the L-pencil L,, generates nothing new. In the case of non-
distinct eigenvalues the N-chain generates a space of dimension < n of
Killing tensors (see Appendix 12.2 for an example). Hence, in both cases,
the type-2 L-pencils have no interest, and hereafter we consider type-1 L-
pencils only.

4. The eigenvalues of N. Eq. (3.4) written in the form
(4.1) N?—vN =1 (trN2 — )1,
shows that
trN? — 12 = 2 (tr N2 — 12),

i.e., for n > 2, tr N? = 2 = (tr N)2. Thus, from (4.1), N> = vN. Let v;
be the eigenvalues of N. Then the diagonalization of this equation? yields

equation v? = v v;, which is equivalent to

1
V; Zk# v, =0, Vi

2We are in a pure algebraic context. If Nij are the components of N with respect to
any basis, the tensor N;, = g Ni] is symmetric. Hence, N;; and g;; can be simultane-
ously diagonalized in a canonical basis.
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Let us consider the simplest case n = 3. Then we have
vi(va+uv3) =0, wva(vs+11)=0, wvs3(vs+vs)=0.
Assume vy # 0 and v3 # 0. Then,
r(ve+uv3) =0, v3= —v, Vo= —u1.

If we replace the last two equations into the first one, we get 11 = 0. Hence,
vo = v3 = 0: absurd.
For n =4,

vi(ve +v3 + 1y

(
vo(vg + vy + 11
(
(

v3(Vg + 11+ 12

o — —

vg(V1 +1rv2 + 3

Assume vz, v4 # 0O:

v1(ve +vs+1vy4) =0,
vo(vs +va+11) =0,
Vg = — V1 — V2,

Vs = — V1 — Va.

Replace the last two equations into the first two:

I/l(l/2+2l/1) :O,
V2(2I/2—|—I/1) :O,
Vy = —V1 — V2,

V3 = — V1 — Va.

Take the difference of the first two equations:
v1(ve + 2v1) — (19(2u9 + 1)) = 2(vF +v3) = 0.

This implies ;1 = v9 = 0, and consequently v3 = vy = 0: absurd. The
above calculations can be extended to any dimension n. The result is

PROPOSITION 4.1. In a L-pencil the tensor N cannot have two eigen-
values different from zero.

Since the case N = 0 is excluded, we have proved

PROPOSITION 4.2. In a L-pencil the tensor N has only one eigenvalue
different from zero.
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It follows that if U is a unit eigenvector corresponding to the non-zero
eigenvalue v, then N =1, U® Ub, i.e., Nf = vy U;U7. Tt is not restrictive
to assume hereafter

v; > 0.

This corresponds to replace N by —N, or m by —m, in the L-pencil. Hence,
if we introduce the vector field

X = U,

then it is proved that
THEOREM 4.1. In a L-pencil L,,, = M + mN, the tensor N has the
form

N=XoX" N =XX,
and

v=trN=yv; =X-X.

5. The differential properties of the vector X. The aim of this
section is to prove

THEOREM 5.1. The vector field X is a dilatation or a translation.

Let us recall that a conformal Killing vector (CKV) is a vector
field X on a Riemannian manifold characterized by equation

(5.1) {P(X), P(G)} =¥ P(G),

where P(X) = X'p;, P(G) = ¢ p;p;, and f a scalar field on the manifold
Q. If ¢ = 0, X isa Killing vector. If ¢) = constant # 0, X is a dilatation.
If » = 0 and X + X = constant, X is a translation.?

To prove Theorem 5.1 we need preliminary statements.

THEOREM 5.2. The vector field X is a conformal Killing vector.

Proof. A conformal Killing tensor (CKT) N is characterized by equa-
tion

{P(N), P(G)} = —2P(C)P(G)

where C is a vector field and P(C) = C’p;. Being N = X ® X” a CKT,
and P(N) = (X'p;)? = P%(X), equation

(5.2) {P*(X), P(G)} = —2P(C)P(G)

3 An infinitesimal translation is a Killing vector with constant length or, equivalently,
a vector field whose integral curves are geodesics [9], §72.
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holds. However,
{P*(X), P(G)} = 2P(X) {P(X), P(G)}
so that Eq. (5.2) becomes
P(X) {P(X), P(G)} = — P(C)P(G).

This polynomial equation shows that P(X) = — ¢ P(C), where ¢ is a
function on @, and consequently that Eq. (5.1) holds. O
THEOREM 5.3. The one-form X’ = (Xi) is closed, 0,X; = 0;X;.
Proof. This property is due to the torsionless condition H(N) =
H(X ® X”) = 0. Indeed, by the definition of torsion (2.1), the tensor

k - ath k k. arm
Si;(N) = N;'V,Nj — N ViN;
must be symmetric in the lower indices. For Nl-j = X; X7 we have

SE = X"X;Vi(X;X%) — X XFV(X;X™)
= X, XXMV, X 4+ X X, XV, XE — X, X" XF VX
- XFX; X, V;X™
= XF[X, X" VX, — 01 ViX; — X;X™ ViXo] 4.

where ... denote terms symmetric in the indices 4, j. Now we recall that
a CKV is also characterized by equation

(5.3) ViX;+ V;Xi = gij.
Thus,

= — U Xk VlXJ
This shows that the torsionless condition is equivalent to V,;X; — V;X; =
0;X; —0;X;=0.0
By summing this last equation to Eq. (5.3) we get (k = 1/2)
(54) VlXJ = K Gij-
Moreover, There exist local functions p such that

As a consequence, we have proved that
LEMMA 5.1. The vector field X is normal.
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Recall that a vector field X is called normal if it is orthogonal to a
local web of submanifolds of codimension 1.4 In this case the leaves of the
web (which we call X-web) are defined by equation p = constant. As a
consequence of this fact, there exist local coordinates (¢*) = (¢*, ¢*) such
that ¢* = p and ¢g'® = 0. We call them X-coordinates. From Eq. (5.5) it
follows that in these coordinates

(5.6) X1=1, X,=0.
Hence,
(5 7) Xl:gliX’i:glla Xa:O, glazoa

VlinXi:Xl, le/lal.

Now we prove Theorem 5.1.
Proof. In any coordinate system Eq. (5.1) reads

(5.8) {X" pi, 6" prpr} = ¥ 9" pupr.

In X-coordinates,
{X"p1,g" pT + 9% papn} = ¥ (9" DT + 9°° paps),

X1 (019M p2 4+ 019™ papy) — 0: X p10* (1102 + g paps)

= (g''p? + g""paps),

X1 (01g" pt+ 019°° papy) — 2301 X! g't — 210, X" g py,
=
=Y (g* p? + g paps).

This polynomial equation in the momenta is equivalent to equations

Xl algll _ 291181X1 — ’L/)gll,
(5.9) Ba X! =0,
Xl algab — ,l/)gab'

Recall that X! = g'! = v;. The first equation shows that

(5.10) Y = — O,

and the second one that v; depends on the coordinate ¢' = p only.
Vi =nm (ql)'

Eq. (5.10) shows that X is a KV i.e., ¢ = 0 if and only if 1 = constant.
Since v = XX, if X is a KV, then it is a translation. In the case of

41t it also called surface-forming of orthogonally integrable.
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a non-constant vy, it is convenient to replace the coordinate ¢! by a new
coordinate r such that X = r 0, and 0,9, = 1. These two conditions

imply X+X = v; = r?. Hence, the coordinate transformation can be
defined by
r=+/v(qh).
Since
(5.11) X =710, = 1101,
we get equation
(5.12) r Oy = 1101V1.
It follows that ¥ = — Oyvy = —r0.logr; = —rd,logr? = — 2. This

proves that X is a dilatation. O

REMARK 5.1. Note that the third equation (5.9) is a further property
of the vector field X not considered in Theorem 5.1. Due to (5.10) it can
be written

D1g%° = — 9 log vy g®.

It represents a law of evolution of the metric components g®® along the flow
of X = 110;. It can be written

(5.13) 01g™ = ¢1 g**

where ¢1 = — 0y logv; is a function of ¢! only. Eq. (5.13) is equivalent to
(5.14) 019ab = 0110g V1 gab,

and, for g?° # 0, to

(5.15) 11og g™ = ¢1(q").

Note that the right hand side does not depend on the indices a, b. {
REMARK 5.2. If v; = constant, X is a translation, Eq. (5.13) reduces
to 019%° = 0. If X is a dilatation, then from Eq. (5.12) we get

01 logry = L(?Tlogyl = % O, logr? =
141 T

T_2.
Moreover, due to Eq. (5.11), v1017 = r, so that
1
8lgab _ 81T8Tgab _ L Tgab _ Tgab,
141 T

and Eq. (5.13) becomes
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6. CKYV in orthogonal coordinates. In orthogonal coordinates the
characteristic equation (5.1) of a CKV reads

(6.1) (X" 0ig"" — g™ pj, — 206 X" g"* prpi = 0.
The diagonal part of this equation gives
X1 0;g" —pg"h — 20, X" g™ =0, X'0ilogg™ —y—20,X" =0.
Hence,
(6.2) =3, X' 9;logg"" — 20, X".

Note that this last equation holds for any choice of the index h, which is
not summed. The non-diagonal part of Eq. (6.1) gives

(6.3) g0 X7 + g0, X =0, j#i.
PROPOSITION 6.1. If 0;X; = 0;X;, then Eq. (6.3) is equivalent to

(6.4) Zain +Xj81‘ 10ggjj +Xiaj 10gg“ =0.

Proof. Let us translate Eq. (6.3) in covariant components of X,
9;50i(¢" X;) + 91105 (9" Xi) = 0.
It follows that
X;0;log ¢+ 0;X; + X;0; log g** + 0;X; = 0.

Since 0;X; = 0;X;, we get Eq. (6.4). O
PROPOSITION 6.2. Eq. (6.2)is equivalent to
Y =3, X'0;logg"" — 2 X" 9y log g"" — 2 g 0, X,
(65) _ Zi;ﬁh Xi 81 10g ghh _ Xh 8}1 10g ghh _ 2ghh 8hXh-

Proof. Let us use to Eq. (6.2),

v =3, X' 0;logg"" — 20, X"
= 21 Xi 81 10gghh - 28h(ghh Xh)
= 21 Xi 81 10gghh — 2Xh 8hghh — 29hh 8hXh

= etc.
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7. The condition T(M, N) = 0. In this section we prove the remark-
able (and rather surprising) fact: the differential condition T(M,N) = 0
is identically satisfied. For this we shall use another special kind of coor-
dinates associated with a L-pencil. Since M is a L-tensor, after the results
of [5], there exist local coordinate systems, which we call M-coordinates
in the following, such that

g = M =0, i)
(7.1) M = i g,
M = it 6] =1 o],

O =0, i # ],
(7.2) w=0 £ )
Oip' = (1! — p')9; log g’

where the eigenvalues u¢ of M are all distinct. Note that the M-coordinates
are orthogonal and separable.
Due to the second equation (7.2), in M-coordinates Eq. (6.4) reads

. y Ot O
281XJ: —Xj(?l-logg“—Xl-(?jlogg“:—Xj - H —Xl .J'u .
W=t I
Hence,
X O — X 0,
(7.3) 20,X; = 1%L iy

=

Now we prove the following general statement.

THEOREM 7.1. If M is a L-tensor and X is a CKV such that X° is
closed, then T(M, X ® X?) = 0.

LEMMA 7.1. In M-coordinates condition T(M,N) = 0 is equivalent
to equations

(7.4) (0" = p¥) ONf = (0 — p*) O;NF, i Gk A,
(7.5) (W' — ") O;N{ + Njoy' =0, i #j.

Proof. Due to the definition (2.3) this condition is equivalent to equa-

tion (of course with 7 # j)
76) M!opNF — MEO;NM™ + N9 MF — Nk oM™
' = Moy NF — MEO;N™ + NI'oyMF — NEo; M,

sum over h and m, in any coordinate systems. In M-coordinates, due to
the third line of (7.1), this equation becomes

9. Nk kAo nk h k ka ari
MjO;NF — MFO;N¥ + NJ'Op M} — NF0; M

_ . UF],
= M]9;N} — Mf9; N} + N'op MF — NJFo; Mj,
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and consequently

i k k k h k k j
e ;Ljaij — ukaij + Njhath — Nf(?j;ﬁ',

We get a further simplification by the first line of (7.2):
(:ul - :uk) alNJk + NihahMJk = (/LJ - :uk) 8jNik + NjhahMika

for i # j. For i,j,k #, taking into account (7.1) we get Eq. (7.4). For
k=i#],

0= (1 — p') O;N; + N} M,

and also Eq. (7.5) is proved. O

Let us apply this result to the case N/ = X; X7.

LEMMA 7.2. The compatibility condition T(M,X ® X°) = 0 is equiv-
alent to the cyclic equation

Xk (Xj &M - X; 8j,uj) + X; (Xk 8J—,uj — Xj 8k,uk)

(7.7) & i .
+XJ(X18k,u —Xkaz,u)—o; 17']7]{:75

Proof. For N = X; X7, Eqs. (7.4) and (7.5) read

(7.8) (1" = 1?) 0i(X;X5) = (1 — ") 0;(Xi X*) = 0,

(7.9) (0 = p') 05(XiX") + X' X; Qi = 0,
respectively, for all distinct indices 4, j, k. (i) Since

= (Xl)Q 8jg“ + Xignani + Xlanl

Eq. (7.9) becomes
(W —p') (X;05logg" +20;X;) + X; O’ = 0.
This implies

S ;1
-ty (X =
(=) ( 0

+ 28JX1> + Xj &,ui =0,
i.e.

2 (i — u) 0;Xi — X, + X; 9y = 0.
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This equation is identically satisfied, due to (7.3). (ii) Eq. (7.8) can be
written
(" = uP) [X* 0, X5 + X5 i XM — (0! — ) [XF0;Xi + X3 0;XF] = 0.
Since 0;X; = 0;X;, we get
(,ui — ,uj) Xk ain + (,LLk - /Lj) Xl' 8ij + (,ui - /Lk)Xj (%Xk =0.
However,
(%Xk = (%(gkak) = gkk (%X}g + Xk (%gkk
= g% 9, X}, + X* 9; log g**

= g O X+ XP B

and we get equation
(! = 129) X 0 + (0 = ) X (9" 0, X + X* 42 )

(= )X (g 0y + XF ) — 0,

which can be put in the form
g (0" = 17) X 0i X + (p* = 17) X3 0; X, + (' — 1) X 0 Xy
+XE (X 05 — X Ogl) = 0,

Due to (7.3),

X 0ut — X; 0517

20,X; = i

we get
9 (W' = 1) Xi 0: X5 + (1 — 1) X; 9, X5 + (' — p*) X; 0: X
+2X* (W - ph) 9 X; =0,
and finally
(1 — ') X3 0:X;5 + (u* — 1) Xi 0; X + (u* — )X, 0, Xy = 0.

This is an equivalent form of the cyclic equation (7.7). O

Proof of Theorem 7.1.

Proof. If we apply Eq. (7.3), 2 (u* — p?) 8, X; = X; Oip* — X, 0j147, to
the cyclic equation (7.7), we see that it is identically satisfied. O

Let us examine equation T(M, X ® X”) = 0 in X-coordinates.

THEOREM 7.2. In X-coordinates equation T(M, X ®X?) = 0 is equiv-
alent to the following equations,

(7.10) M} = 0;M}', i,j#1,



Algebraic construction of the quadratic first integrals etc. 291

(7.11) OHM; =0, jk+#1,
(7.12) Moy = mnd; M}, j#1.

Proof. In any coordinate system, equation T'(M, X®X”) =0 is equiv-
alent to Eq. (7.6), with N/ = X, X7:

Mo, (X, X*) — ME 3, (X; X™)

+ XM X0 MF — X X* 0, M

— MPO (X, X*) + ME9; (X X™)
— X" X0, MF + X, X*0;M™ = 0.

(7.13)

In X-coordinates X' = v; and X; = 1 are the only non-vanishing compo-
nents of X, and they depend on the coordinate ¢! only. Thus, Eq. (7.13)
becomes

MPo(X;X%) — MPO;(X;X7)

+ Xle-(?lMJ’-g — XlX’“&-Mj1

— MPoy (X X*) + MFo;(X; X1)

— X'X;0, MF + X, X*k0; M} = 0.

(7.14)

For i,j # 1, Eq. (7.14) reduces to
- X1 X*0;M} + X, X*9; M} =0.
This proves Eq. (7.10). For ¢ =1 Eq. (7.14) reduces to

MPop(X; X%) — MFOL(X; X)) + XT X 00 M) — X1 XFo M}
— MPOoR(X1 X%) + MPO; (X1 X1) — X' X;00MF 4+ X1 X*0; M} = 0.

For j = 1 this equation is of course identically satisfied. For j # 1 it reads
X1X181MJ’-g - Xlealel - Mjhah(Xle) + MPFo; (X1 X1
+ X1 X*o, M} =0,
Now we recall that v1(¢") = X; X! > 0:
noMP — X1 X oM} — M0, (X1 X*) + X1 X*0; M} = 0.

For k # 1 and k = 1 we find Egs. (7.11) and (7.12), respectively. O
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8. Further algebraic properties. Let us return to the explicit cal-
culation of the first elements of a L-pencil. Of course, K; is of first degree,
Eq. (3.1),

Ki=pI-M+m@pI-N),
as well as Ky, as shown in Section 3,
Ky = Kso + mKo,
with
Koo = 4 (p? —tr M?) I — p M + M2,
Koy = (uv —tr MN)I — vM — u N + MN + NM.
Let us introduce the vector field
Y=MX.
Then Egs. (3.6) become
H =vlI-XoX,
Hy = (uv; — Y -X)I— /M — X ® X? + MN + NM.
In any coordinate system,
(MN)! = M{N}F = M} X*X;, = Y7 X,
(NM)! = N} M} = X7 X, MF = X7Y;.
Hence,
MN=Y®X’ NM=X®Y’,  tr(MN)=X-Y.

This shows that
PROPOSITION 8.1. In a L-pencil the two tensors Hy and Hy have the
following expressions:

H =vlI-XoX°,

8.1
®.1) Hy = (1 - Y- X) I—- v M- XX + Y@ X +XQY".

As a consequence,
PROPOSITION 8.2. The vector field X is an eigenvector of both Hy
and Hy, with zero eigenvalue.
Proof. Since X+X = vy, we have H1 X = 11 X — Xv; = 0, and
Ho X =(ur - Y X)X—1nY —punnX+1nY4+Y-XX=0.0
REMARK 8.1. In any coordinate system Egs. (8.1) read
(Hl)J = 55 - Xin,

K2

8.2 ) ) . ) . )
S ) = ) o M XX 4 XY VX
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where 7 =Y « X = X'Y;. Recall that in X-coordinates Eqs. (5.6) and (5.7)
hold. so that

Y=gy, = M}XT = M} X' = v, M},

n=XY =X,V = M} =V,

Yo = M& X = vy Mg,

Yo =My X' = vy Moy = g™ Moy = M.

Hence, from Egs. (8.2) it follows that (a,b=2,...,n)

E
I
E

|
fa
>
I
=

=(un =Y") =i M} —pvy + Y 4+ Yig' = 0.

(Hy)f =0,
(Hl)zlz =0,
(H1>b =1 52

a =

(HQ)lll: — M{l—i-ljl M{l:O,
(HQ)}I = — U Mg + 141 Ya = 0,
(H2)s = v1 (p — M| — M),
(HQ)Z: _VlM(ll); a;ﬁb
In matrix form,
(8.3) H 00 H 00
. 1= 0o 1l 2 =1 0 1:11 )
where
I=1,_,, H, = 41— M,
(8.4) S
M= (M), p=ttM=p-M. O

The matrix forms (8.3) of H; and Hy show once more the property
expressed by Proposition 8.2: H; X = HyX = 0. For proving this we
observe that

ProrosiTION 8.3. If H, X = 0, then all K, are of first degree in m,

K, = K, + mK,.
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Proof. Recall the recursive formula (1.1) of a L-chain,

Koy = aJ%l tr (KqLm) I — Kq L,

Assume that K, is first-degree, K, = K,90 + mH,. Let us denote by a
prime’ the derivative w.r.to m. For instance, L,, = N. Note that K/, = H,
is of zero-degree. Then,
(K.Lp) =KL, +K,N=H,M+mN)+ (Ky +mH,)N
=HM +K, N +2mH,N=H,M + K ,oN.
(K,L,,)” =2H,N=2H,X-X=0.

It follows that K, is first-degree. O

9. The induced L-systems. What we are going to do now is sug-
gested by the remarkable formulas (8.4). Indeed, the (n — 1) x (n — 1)
matrix

H =pl-M, i = tr M,

has the same form of the first step of a L-sequence. To interpret this
analogy in a right way, let us consider any leaf of the X-web i.e., any n —1-
dimensional submanifold S orthogonal to X. Such a submanifold is defined
by an equation ¢* = constant (in X-coordinates). Then the bar-tensors like
I, M, Hy, etc., can be interpreted as (1, 1)-tensors on any S.
THEOREM 9.1. On each leaf S the tensor M = [M?] is torsionless.
Proof. The tosionless condition of M is equivalent to the symmetry of

SE(M) = Moy MF — M},0; M.
A special case is
0 =55 (M) = M!ME — MEO,M™
= M3y Mg — M50, Mg + MLoy Mg — M9, M}
= S5, (M) + M1, M — M{0, M.

Due to Eq. (7.11), 91 M = 0. Due to Eq. (7.10), 9, M} = 9,M}. This
shows that S¢, (M) is symmetric. O
THEOREM 9.2. On each leaf S the tensor M is a trace-type CKT.
Proof. Since M = g"" M@ = g M2, the contravariant components of
M’ are just the contravariant components M (with a,b > 1) of M. The

tensor M is a trace-type CKT i.e., the polynomial equation
{M" pip;, g"* prpry = —2C'pi g™ pupi
holds with

Ol = gii d,p.
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In X-coordinates, we get

{M™ p? 4+ 2M" p1p, + M® papy, g 03 + g paps}
= —2(C'p1+ Ca) (9" T + 9 Paps).
The left hand side is
L ={M"p?+2M" p1pa + M pape, g*' p + 9 pap} =
=2(M" py + M po) (019" pt + 019" pope)
+ 2 (M py + M py)(8ag' p? + 0ag® pope)
—2(H M p? + 200 M p1pa + 01 M paps) g p1
= 2(8a MM p? + 20, M™ p1py, + 0o M pyp.) g°° py.

9.1)

This is a homogeneous third-degree polynomial, which can be written in
the following form:

LL = 8 [MV0g" + M1 9,g" — g1 9, M)
¥ p2pa M2 911 4 M 9yglt — gabg, MM — 2 g1 ) M9
¥ pipapy M 019 + M€ 9.g — g1 9, Mo — 2 gocg, M)
¥ papspe [M19 01 gb + Mda ygbe — gda g, 01be).
A further evolution of this expression is due to equations g'! = v; and
3a911 = 0qv1 =0,
% L =p} [MYo1v1 — vy 0, MY
+ p2pa [M Oy — g0y MM — 211 81 M19)
¥ pipapy [M 916 + M€ 9,g® — 17 0, M — 2 gocd, M|
¥ paprpe M9 91 gb + M dygbe — gla 9 01be).
For the right hand side R we have
=3 R=(C"p1+ C%.) (9" pT + 9" paps)
=p} C' g™ + pipa C* g +p1papy C g™ + papppe O™
=p} C' w1+ pipa Cvi+ pipapy C' g™
+ papspe Cg"*.

Hence, Eq. (9.1) is equivalent to the following equations:
Q) MYov —vi MY +Clyy =0,
(I) M dw; — g8 M'" — 20, 9 M + Oy =0,
(1) papy [M' 81g% + M 9,9
— o MO — 2 g%, M — O gt] = 0,
(IV)  papspe [M1¢ 8, g4 + Mda 9g0¢ — ga 9, Mbe
+ 0% gl = 0.
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Let us develop these equations taking into account that in X-coordinates
MM = gli Ml = g MY = vy M},
Mt = gaipfl = gab Afl,
Mta = glipfa = gl Mg = vy Mg,
C'=g"Cr=v101u=110:(i + M}),
C = g* Opp = g* Op(j+ My).

In fact, for proving the theorem it is sufficient to develop Eq. (IV), which
reads

Papspe [M14 817 + M99 8,07 — %0 9,MY + %4 94(7i + M) %] = 0.
It implies
Papspe [M 8ag* — g% 94 M + g Dafi g
+ papspe [M1 91 g% + g? 04 M7 g*°] = 0,
i.e.
3 {P(M), P(G}s + P(Vi)P(G)
+ paprpe [M' D1g° + g*? g M7 g*] = 0.
Hence, M is a trace-type CKT on S if and only if
Papvpe [M* 919° + g° 0a M g = 0,
i.e.
Papspe 9 [Mj 019" + 0aM "] = 0.
Due to (5.13) it follows that
Papvpe 9 9 [Mj d1 + aMi] = 0,

where ¢1(q') = —9; logry. But Eq. (7.12) shows thatM;! 0111 —v1 0, M| = 0
ie, Moy +0,M{ =0.0

REMARK 9.1. Equations (I), (II), (III) in (9.2) have not been used.
They provide further necessary conditions on M, whose analysis is here
omitted.

According to the two theorems above, M is a torsionless CKT on each
submanifold S orthogonal to X. Its eigenvalues are distinct (see Remark
9.3 below) with the exception of a closed subset (may be empty) of S.
Thus, M is a L-tensor on any S and the recursive formula

I:Ia = % tr (HaflM) i - Ha,1
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fora=1,2,...,n—2and Hy = I, form a L-system on S (whose dimension
isn—1).
Now we return to the whole space @,, and consider the n — 1 tensors

(9.3) H o0
. a = V1 O I:Iail

with a = 1,...,n — 1. Note that for a = 1 and a = 2 we get the matrices
(8.3). The n — 1 (1,1)-tensors H, are linearly independent, commute and
have common eigenvectors tangent to .9, since the same properties hold for
H,. But they have also X as common eigenvector, with zero eigenvalue.
In order to get a basis for a KS-space we have to add to them the

identity
H —1 1 0
T o
and to prove that

THEOREM 9.3. The tensors H, are Killing tensors.
Proof. The X-components of H, are H'' = 0, H'* = 0, H* =
vy g¥¢ HS. Hence, P(H,) =11 H’ pyp.. We have to show that
{P(H.), g"pip;} = 0.
In X-coordinates g'! = v is a function of ¢! only, so that
{P(H.), g7pip;} = {vi H* pope, g"'p1 + 9*° papv}
= 2v1 H pe 0p9"* papa — 2p1v1 01 (1 H pip.)
- 2gabpb aa(Vl Hbc pbpe)
=201 H® p. 0,9°® papa — 21 9°°py 0a(H" pope)
—2pi1 D1 (v HY pype)
= v {P(H.), P(G)} — 2p1v1 91 (v H" pyp.)
= —2p1v1 (11 H' Pope) = - -
Since H® = g"*H¢ we have 01 H* = 0,¢"*HS + ¢g"* 0, HS. However,

O1HS = 0, since H¢ is constructed by an algebraic process from M? and
O1MP =0, Eq. (7.11). Hence, due to Egs. (5.13) and (5.14),

algbc _ algbaH; _ (bl gbaH; _ (bl Hbc'
It follows that
al(ylgbc) = 811/1 Hbc —+ I/1¢1 Hbc = 0

Thus, ...=0. 0
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REMARK 9.2. This theorem proves that Hyp = I and the n — 1 Killing
tensors Hy, defined in (9.3) form a basis of a KS-space on Q). Since H,X = 0
(a > 0), due to Proposition 8.3, the tensors K, are of first degree in m. <

REMARK 9.3. Let us consider in R™ a diagonal matrix

M= dla‘g [,Ml,,lLQ, . mu’n]
with all distinct p; # 0, and a vector X = [X*, X2, ..., X"]. The matrix
M=M - aM(X)®X’,

with a~! = (X, X?) = X?X;, satisfies equation M(X) = 0. Its components
are (we consider for simplicity n = 4)

For a vector X with only a non-zero component, say X' # 0, we get
the diagonal form

1\_/‘[ :diag[OaHQa . mu’n]

which shows that the eigenvalues are distinct. Then, in an open cone
around X this property is preserved. We have n open cones generated in
this way. On the other hand it is known (after Sylvester) that the condition
that M has non-simple eigenvalues is expressed by an algebraic equation
of order 2n + 2 in the variables X¢. This equation defines a surface (or the
union of surfaces) in the space (X*), or the empty set. <

10. Conclusion. The necessity of the conditions listed in Theorems

1.3 and 1.4 are proved:
e M is a L-tensor: Theorem 2.1.

N = X ® X”: Theorem 4.1.
X is a conformal vector field: Theorem 5.2.
X is a translation or a dilatation: Theorem 5.1.
All tensors K, of the L-sequence are linear in m: Remark 9.2.
H,X = 0: Eq. (9.3).
The restrictions of H, to any leaf of the foliation orthogonal to X
form a L-system on that leaf: Section 9.
It remains to prove the sufficiency in Theorem 1.3: If M is a L-tensor and
X is a CKV such that dX® =0, then L, = M +mX @ X" is an effective
L-pencil.

Proof. Since X is a CKV, N = X ® X” is a CKT. Since dX” =0, N
is torsionless: see the proof of Theorem 5.3. Then apply Theorems 7.1 and
2.1.0

11. Final comments. About the existence of L-pencils, we recall the
following properties (to be applied to the L-tensor M of a L-pencil).
o If a Stickel web has a foliation orthogonal to a proper CKV, then
it is not a L-web (Theorem 9.4 in [5]).
o If a Stdckel web has m < n foliations orthogonal to translations,
then it is not a L-web (Theorem 9.6 in [5]).
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As a consequence,
o All translational Stickel webs in a Fuclidean n-space, different
from the Cartesian web (for which m = n) are not L-webs (Re-
mark 9.2 in [5]).
Moreover, let us recall that ([9], p. 249):
o If a Killing vector is mormal then the lines of curvature of the
orthogonal submanifolds are indeterminate.
o The orbits of a translation form a flat submanifold.
o [If a translation is normal, then the orthogonal submanifolds are
totally geodesic.
In [9] - formula (69.5) — it is proved that for a CKV X equation
Agtp = % (X ViR™ + V,; X,, R™)
holds. Thus, for a Killing vector (p = 0) and for a dilatation (¢p =
constant),

XmViR™ + VX, R™ = 0.
For a manifold of constant curvature Ky # 0 this equation reduces to
V1VJ1/) + Ko Gij 1/) =0.

For a Killing vector this is identically satisfied, but for a dilatation it gives
Ky = 0: absurd. Thus,

THEOREM 11.1. A manifold with non-zero constant curvature does
not admit dilatations.

But it can also be shown that a manifold with non-zero constant cur-
vature does not admit translations. So, for instance, the sphere S,, and the
pseudosphere H,,, does not have L-pencils.

All statements listed above represent strong obstructions for the exis-
tence of translations and dilatations, hence, for the existence of L-pencils.
This list is certainly incomplete, since further results should be present in
the ancient-may be also recent-literature.

As said in Remark 1.1, the basic example of L-pencil is the spherical-
conical (asymmetric) web in r™; and, according to the above remarks, it is
the only L-pencil existing in R™. In spite to this rather restrictive result,
futher arguments of research arise:

e To find examples of L-pencils form Riemannian manifolds with
non-constant curvature.

e To extend the notion of L-pencil to pseudo-Euclidean spaces. In-
deed, we know the general form of a L-tensor in these spaces (Ap-
pendix B in [5], see also [8]).

e To introduce and study the notion of multipencil. A 2-pencil is
for instance

Loy my = M4mi X @ X] +maXo® X3, my # mo.
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Since the spherical-conical webs play an important role in the di-
agrammatic classification of Stéckel systems due to Kalnins and
Miller [11, 10], the notion of multipencil should be useful for this
classification.

e To extend the notions of L-tensor and of L-pencil by dropping out
the requirement of ’simple eigenvalues’, and including the cases of
S-webs invariant w.r.to Killing tensors.

12. Appendices.

12.1. Induced L-systems. It is known that a S-system induces a
S-system on each leaf of its web [3, 7].

In Section 9 we have seen that a LP-system induces a L-system on
each leaf of its web. A similar property holds for L-systems:

THEOREM 12.1. A L-system induces a L-system on each leaf of its
web.

Proof. Let (u') be the eigenvalues of a L-tensor L. Let us order the
indices in such a way that

n

u' <u? <<,

and set
i—1 n
A= T —ub) H (uF —ub).
k=1 k=i+1

Then A; > 0 for each index 4, and the metric tensor components in L-
coordinates can be written

gt = ¢i(q")
A;
with ¢;(¢*) > 0. As a consequence, up to a rescaling of the coordinates, we
get
g 1

9" = A gii = A
These components are all positive. For the special case n = 3:

Ay = (u? —ub)(ud —ub),

(12.1) Ap = (u? —u')(u® —u?),

For n = 4:
Ay = (@~ u!)(u® — u)(ul — )
Ay = (2 — ) (i — 0?)(ud — ),
(12.2) As = (u? — ul)(u? —u?)(u? — ),
Ay = (u* —ub)(ut —u?)(ut —u?).
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Let us consider for simplicity the case n = 4 and the leaf S defined by
u* = 1. The components 911, 922, g3 restricted to S become

Ay = (1 — ) — ul)(1 - u),
Ag = (u? —ub)(ud —u?)(1 — u?),
Az = (ud —ub)(ud —u?)(1 —ud).

They can be written in the form
Ay = (u? —ut)(u® —ut)ei(qh),
Ay = (u? —ut)(u® — u?)g2(g?),
Ag = (v —u')(u® — u?)gs(q’),
with ¢;(¢") > 0. Then the coordinates can be normalized in order to get
Ay = (u? —ul)(u® —uh),
Ay = (u? —ul)(u® —u?),
Az = (ud —ub)(ud —u?).
This is a form of the kind (12.1). O
REMARK 12.1. For n =4 we get
Ay = (u? —ul)(u? —ul)(ut —ul)
= (12 — uM) (WPt — wBul — ulut + (uh)?)
= w2t — wudut — uPulut - ud(ul)?
—uludut + ud(ul)? + (uh)2ud — (uh)?)
=03 —ulol+ (u')? o] — (u')d.
Thus, in this special case,
g =03 —u oy + (u)?oy — (u')’.
We get the general formula
it = o — i 0+ (u' o} — (u')°.
Similar formulas can be obtained for any dimension n. {

12.2. An example of type-2 L-pencil. In R? the parabolic web is
determined by the L-tensor [2]

L,=M+mudor, u? =1,

where u is a constant unit vector. Let us look at this tensor as a L-pencil
with

N=uor=1i(u®r+rou).
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Since trL,, = p+mu-r, v =u-r, we get

Koo = 3 (1?2 —trN?) I — v N + N2

Moreover,
N2 =lu®r+r®u)(u®r+reu)
=i(rruu®r+ru®@u+r@r+u-rreu)
=1@2r-uueGr+r’u®u+rer),

and
trN? = 2 [2(r-u)? +2r?] =  [(r-u)? + 7%,

so that

0~ N = § [(er)? = (e )] = b4 (o4 )]

N2 —vyN=1Q2r-uu@r+r’u®u+ror)— (u-r)(uer)
=1(r*u®u-2r-uu®r+ror).
We observe that
reu—u®r)r®u—u®r)
=u'rreu—-rer—r’uutr-uu®r
=2u-rrou—rer—r?u@u,
and we get the final expression
N°-vN=—-1(rou-uer)?
which allows the computation of Kao:

Ko =2 (v? —trN?)I — v N + N?
=13 (rru?+r)I-;(r®u—u®r)?#0.

This shows that L,, is a L-pencil of type 2.
Let us check the validity of Remark 3.1. The first element of the
L-sequence generated by L,, is

Ki=(u+mur)I-M-—mu®r.
Thus, H) =u-rI—u®r. For computing K, we need to compute K;L,,,

KiL,=[p+mur)I-M—-muor][M+muor].
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After a straightforward calculation we get

KiL, =uM-M?+m(urM—-uG0Mr—-rOMu+puu®r
—3r’u®@u—ir®r)+imfu-ruor.
The coefficient of m? is % u*ru®r. Since

Ky = L tr (KiLy) T — Ky Ly,
we find
Hy =1 (ur)?’I-furuor=%3(ur)(u-rI-2uor).
For n = 3, the tensors
Hy=1, Hy=u-rl-uor, Hy=1(u'r)(u'rI-2uor).

are linearly dependent: Hy = % (u-r) (2H; — u-r Hy).
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