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1. Introduction

This lecture is devoted to the basic notions of the theory of separation of variables for the Hamilton-
Jacobi equation. Many of the results presented here are already available in the literature. However, we
collect them in a systematic way according to a personal point of view, with a particular emphasis to
their geometrical meaning.

Let Q be a differential manifold of dimension n. With each system of coordinates (qi) on Q we associate
canonical coordinates (qi, pj) on the cotangent bundle T ∗Q. We call the coordinates (pi) the momenta

corresponding to the coordinates (qi). Let H be a differentiable real function on the cotangent bundle,
called the Hamiltonian. For each coordinate system on Q the Hamiltonian is locally represented by
a real differentiable function H(qi, pj) in the 2n real variables (qi, pj), and it gives rise to a partial
differential equation, the Hamilton-Jacobi equation

(1.1) H

(

qi,
∂W

∂qj

)

= h,

where h is a real parameter, called the energy. A complete integral of this equation is a solution
W (qi, aj) depending on n real parameters (aj) such that the n× n matrix

(1.2)

(

∂2W

∂qi∂aj

)

is everywhere regular. When such a complete integral is known, then, by purely algebraic manipulations,
we can find the integral curves of the Hamiltonian dynamical system generated by H . This is the
classical Jacobi method which was originally used for finding the geodesics of an ellipsoid. However,
the experience has shown that the Jacobi method can be applied with success for those cases in which it
is possible to find a complete integral of the kind

(1.3) W = W1(q
1, aj) +W2(q

2, aj) + . . .+Wn(qn, aj).

This property is called additive separation of variables, and when this occurs we say that the H-J
equation is integrable by separation of variables and that the dynamical system generated by the
Hamiltonian H is integrable in the sense of Jacobi or Jacobi-integrable. The coordinates (qi) for
which a complete integral of the kind (1.3) exists are called separable (with respect to the Hamiltonian
H).

Actually, due to the applications to Riemannian geometry and mathematical physics, we deserve the
interest to Hamiltonians which are polynomials of second order in the momenta, i.e. of the kind

(1.4) H = 1
2
gijpipj +Aipi + V,
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where gij are the contravariant components of a metric tensor g on Q, Ai are the components of a vector
field on Q and V is a function on Q , called the potential (all fields are assumed to be smooth, i.e. of
class C∞, for simplicity).

We cannot give here a historical perspective on the theory of separation of variables. For an outline
of this topic and an essential bibliography we refer to [H] [W] and to the recent book of Kalnins [K].
However, in the following two sections we will present, with proofs, classical fundamental results due to
Levi-Civita (1904) and Stäckel (1893), on which we will base our discussion. We will restrict our attention
to the separation of the geodesic H-J equation, which is a crucial topic in the theory of separation of
variables. In Section 4 we will analyze those transformations of coordinates which preserve the separation
and the complete integral. The results will be used in Section 5 for proving the existence of a normal
form of the contravariant metric tensor components in separable coordinates, in which the separation is
achieved in the simplest way. In Section 6 we will present some fundamental facts concerning the Killing
tensors and the orthogonal separation. Section 7 will be finally dedicated to an outline of the geometrical
aspects of separation. Some examples are presented for illustrating the theory, without the pretension of
a reasonable completeness, as for the bibliography.

2. The theorem of Levi-Civita

Theorem 1. The Hamilton-Jacobi equation (1.1) has a complete integral of the kind (1.3) if and only if
the following equations are identically satisfied for each pair (i, j) of distinct indices:

(2.1) ∂iH∂jH∂ijH + ∂iH∂jH∂
ijH − ∂iH∂jH∂

j
iH − ∂jH∂iH∂

i
jH = 0.

Here we have used the following short notation:

∂iH =
∂H

∂qi
, ∂iH =

∂H

∂pi

, etc...

Proof. The additive separation of variables is equivalent to the condition ∂ijW = 0 for i 6= j. By
differentiating the H-J equation (1.1) with respect to a variable qi, we get

∂iH + ∂jH∂ijW = ∂iH + ∂iH∂iiW = 0 (i n.s.).

The notation ”n.s.” means that there is no summation over the repeated index. Thus we are led to
consider the following system of partial differential equations in the unknowns (pi),

(2.2) ∂ipi = Ri, ∂ipj = 0 (i 6= j),

where

(2.3) Ri = −
∂iH

∂iH
,

together with equation pi = ∂iW . The integrability conditions of this system are

(2.4) ∂iRj + ∂iRj Ri = 0 (i 6= j).

Due to (2.3) they are equivalent to (2.1).

The theorem of Levi-Civita [LC] provides only a criterion to decide whether a given coordinate system is
separable or not. It gives no effective method to find separable coordinates for a given Hamiltonian. In
fact, this is a hard problem, which has been solved only for particular Hamiltonians (like, for instance,
the geodesic Hamiltonian of Riemannian manifolds with constant curvature [K]). However, Levi-Civita
theorem can be considered as a starting point for developing the theory of the separation of variables.
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If we substitute the polynomial Hamiltonian (1.3) in equations (2.1), then we get equations of fourth
order in the momenta (pi) which must be identically satisfied, so that the coefficients must vanish. These
coefficients involve the functions gij, Ai, V , together with their first and second derivatives, so that we
get finally a set of second order PDE’s on these functions. For the sake of brevity we do not write them
here explicitly; actually, they are very cumbersome. However, as Levi-Civita himself remarked, it can
be seen that the coefficients of fourth degree coincide with those coming from the separation conditions
(2.1) for the purely geodesic Hamiltonian

(2.5) G = 1
2 g

ijpipj ,

namely,

(2.6) (∂ijg
hkgirgjs + 1

2 g
ij∂ig

hk∂jg
rs − ∂ig

jh∂jg
krgis − ∂jg

ih∂ig
krgjs)phpkprps = 0.

Hence, coordinates which are separable with respect to the Hamiltonian (1.4) are separable with respect to
the geodesic Hamiltonian (2.5), and the separation of the geodesic H-J equation becomes the fundamental
argument.

3. The orthogonal separation and the theorems of Stäckel

The first step for studying the separation of the geodesic H-J equation is to consider orthogonal coor-
dinates, i.e. to assume

(3.1) gij = 0, i 6= j,

so that G = 1
2g

ii(pi)
2. The separation conditions (2.6) reduce to equations

(3.2) giigjj∂ijg
hh − gii∂ig

jj∂jg
hh − gjj∂jg

ii∂ig
hh = 0 (i 6= j, n.s.).

These equations, which are equivalent to

(3.2’) ∂ijg
hh − ∂i log |gjj|∂jg

hh − ∂j log |gii|∂ig
hh = 0 (i 6= j, n.s.),

are fundamental in the theory of the separation of variables. They are similar to the classical Lamé
equations (see, for instance, [BI]).

The following two theorems due to Stäckel [ST1] [ST2] are fundamental for the theory of orthogonal
separation.

Theorem 3.1. The most general form of the metric tensor in orthogonal separable coordinates is

(3.3) gii = φi
(n),

where φi
(n) is a row (the last one, for instance) of the inverse of a Stäckel matrix (φ

(j)
i ) in the coordinates

(qi). The functions

(3.4) Fj = 1
2
φi

(j)(pi)
2

are geodesic first integrals in involution (the last one is the geodesic Hamiltonian itself):

(3.5) {Fj, Fh} = 0, Fn = G.

Definition 3.1. A Stäckel matrix is a regular n × n matrix (φ
(j)
i ) of functions of the n variables (qi)

such that each element depends on the variable corresponding to the lower index only: φ
(j)
i (qi). We

denote by (φi
(j)) the inverse matrix.
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This theorem shows in other words, that the most general functions satisfying equations (3.2) are of
the kind (3.3) and, moreover, that the separation of variables is always concomitant with the existence
of quadratic first integrals in involution. The very simple proof given by Stäckel can be found in the
majority of the textbooks of analytical mechanics. However, we write it here explicitly for further needs.

Proof. Let us differentiate the geodesic H-J equation

(3.6) 1
2g

ii(∂iW )2 = h

with respect to the parameters (aj) entering in a complete integral W and set

φ
(j)
i =

∂W

∂qi

∂2W

∂qi∂aj

, cj =
∂h

∂aj

.

We get an equation of the kind

giiφ
(j)
i = cj.

The matrix (φ
(j)
i ) is regular provided that no pi = ∂iW is zero, and it is a Stäckel matrix if the coordinates

are separable. By reversing these equations we find

gii = cjφi
(j).

However, there is no loss of generality in assuming that one of the parameters coincides with the energy,
say an = h. We have cj = δj

n, so that the metric components have the form (3.3). Once (3.3) is proved,
we can write the most general separable Hamilton-Jacobi equation for the geodesics:

1
2φ

i
(n)(∂iW )2 = h.

Then the separation of variables can been achieved by writing the whole system of equations associated
with the matrix (φi

(j)),

(3.7) 1
2φ

i
(j)(∂iW )2 = aj ,

by introducing n real parameters (aj), with an = h. So that we get, by an inversion, the following system
of separated ordinary differential equations,

(

dWi

dqi

)2

= 2ajφ
(j)
i .

It follows that W =
∑n

i=1Wi(q
i, aj) is a separated complete integral. Moreover, by the Jacobi theorem we

know that the real parameters entering in a complete integral correspond to first integrals in involution.
Hence, from (3.7) we deduce that the functions (3.4) are first integrals in involution.

Let us consider a potential function V added to the geodesic Hamiltonian:

H = 1
2g

ii(pi)
2 + V.

The separability equations of Levi-Civita for this Hamiltonian give rise to the system of equations (3.2),
involving the metric coefficients only, together with the following additional conditions on the potential
V :

(3.8) giigjj∂ijV − gii∂ig
jj∂jV − gjj∂jg

ii∂iV = 0 (i 6= j, n.s.),

which can also be written

(3.8’) ∂ijV − ∂i log |gjj| ∂jV − ∂j log |gii|∂iV = 0 (i 6= j, n.s.).
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Theorem 3.2. The most general potential compatible with orthogonal separation is of the kind

(3.9) V = ηi g
ii,

where (ηi) are functions of the variable corresponding to the index only.

Proof. Since ∂iW is a function of the variable qi only, the H-J equation

1
2
gii(∂iW )2 + V = h

shows that in separable coordinates V is a function of kind (3.9) up to an inessential additive constant.

Furthermore, following the same way of the proof of Theorem 3.1, it can be seen that the functions

Fj = 1
2
φi

(j)(pi)
2 + ηj

are first integrals in involution.

There is another way to prove all the above results which does not involve the theorem of Jacobi.

Let us consider a linear connection Γ on the manifold Q. We can think of invariant 1-forms φ and vector
fields X and write the following two differential systems:

(3.10) ∂iφj − Γh
ijφh = 0, ∂iX

j + Γj
ihX

h = 0.

If φ and X are two solutions then

(3.11) 〈X, φ〉 = Xiφi = const.

Both systems (3.10) are completely integrable if and only if the connection is locally flat. Then the
general solution of the first system (3.10) has the form

(3.12) φi = cjφ
(j)
i , (cj) ∈ R

n,

where (φ
(j)
i ; j = 1, . . . , n) are independent solutions: det(φ

(j)
i ) 6= 0. The inverse matrix φi

(j) gives the

general solution of the second system (3.10):

(3.13) Xi = cjφi
(j), (cj) ∈ R

n,

If the connection Γ is symmetric, then two invariant vector fields (solutions of (3.10)2) commute. This is
equivalent to

(3.14) φi
(h)∂iφ

j

(k) − φi
(k)∂iφ

j

(h) = 0.

We say that the connection Γ is separable with respect to the coordinates (qi) (or, conversely, that the
coordinates (qi) are separable with respect to the connection Γ) if the coefficients of Γ in these coordinates
are such that

(3.15) Γh
ij = 0, for i 6= j.

In this case equations (3.10) become

(3.16) ∂iφj = δijB
h
i φh, ∂iX

j = −Bj
iX

i, where Bj
i = Γj

ii.

The integrability conditions are:

(3.17) ∂iB
h
j + Bi

jB
h
i = 0, i 6= j n.s..
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For every non trivial solution of equations (3.16)2, we have

(3.18) Bj
i = −

1

Xi
∂iX

j .

If we substitute this expression in the integrability conditions (3.17), then we get equations

(3.19) XiXj∂ijX
h −Xi∂iX

j∂jX
h −Xj∂jX

i∂iX
h = 0 (i 6= j, n.s.).

On the other hand, equations (3.16)1 show that a set of independent solutions form a Stäckel matrix

(φ
(k)
i ), since ∂iφj = 0 for i 6= j. Hence, we have proved that

Theorem 3.3. The most general solution of equations (3.19) is of the form (3.13) where (φi
(j)) is the

inverse of a Stäckel matrix, or more simply, of the form

(3.20) Xi = φi
(n),

where (φi
(n)) is a line of the inverse of a Stäckel matrix.

This is in fact the Stäckel theorem 3.1, provided we set

Xi = gii, φi = (pi)
2 = (∂iW )2

and look at equation (3.11) as the H-J equation. Moreover, equations (3.14) are equivalent to the
commutation equations (3.5).

Remark 3.1. Equations (3.19) are the Levi-Civita separation conditions (2.1) for a linear Hamiltonian
H = Xipi. For a Hamiltonian of the kind H = Xipi + V the separation conditions are still equations
(3.19) together with equations

(3.21) XiXj∂ijV −Xi∂iX
j∂jV −Xj∂jX

i∂iV = 0, (i 6= j, n.s.).

Then we can re-state Theorem 3.2 as follows:

Theorem 3.4. The most general solution of equations (3.21), where (Xi) are solutions of equations
(3.19), are of the kind V = ηiX

i, where (ηi) are functions of the variable corresponding to the index only.

Remark 3.2. Since the components (gii) are a particular solution of system (3.16)2, if we consider
equations (3.18) for Xi = gii we get equations

1

Xi
∂iX

j =
1

gii
∂ig

jj ,

which can be interpreted as a differential system in the unknown functions (Xi):

(3.22) ∂iX
j =

1

gii
∂ig

jjXi.

According to the preceding remarks, this system is completely integrable if and only if equations (3.2)
hold. One solution is given by (gii). A set of independent solutions (Xi = φi

(j)) gives the inverse of a
Stäckel matrix. Furthermore, if we introduce the functions

ρi =
Xi

gii
,

then system (3.22) is equivalent to

(3.23) ∂iρj = (ρi − ρj)∂i log |gii|.
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The integrability conditions of this new differential system are still equations (3.2). We will go back to
this remark in the sequel.

Remark 3.3. Transformations of the metric components of the kind

gii 7−→ ζi g
ii,

where (ζi) are functions of the variable corresponding to the index only, preserve the separation of
variables. This can be seen straightly from the H-J equation (3.6).

Remark 3.4. Assume that a Hamiltonian H satisfies the Levi-Civita separation conditions (2.1). Let
us consider a ”conformal” Hamiltonian fH , where f is a real smooth function of the coordinates only.
This new Hamiltonian satisfies equations (2.1) if and only if, for each pair of distinct indices:

f2 H [∂iH∂jH∂ijf − ∂iH∂j
iH∂jf − ∂jH∂i

jH∂if ]−

2 f H ∂iH∂jH∂if∂jf+

f2 ∂ijH [H2∂if∂jf + fH(∂if∂jH + ∂jf∂iH)] = 0.

If we set V = f−1 (where f 6= 0), then we get simpler equations:

∂iH∂jH∂ijV − ∂iH∂j
iH∂jV − ∂jH∂i

jH∂iV +

V −2 ∂ijH [H∂iV ∂jV + V (∂iV ∂jH + ∂jV ∂iH)] = 0.

These are the characteristic equations of a conformal cofactor V preserving the separability of a
Hamiltonian H . When ∂ijH = 0 for i 6= j, they simplify to

∂iH∂jH∂ijV − ∂iH∂j
iH∂jV − ∂jH∂i

jH∂iV = 0,

and become similar to (3.21) and (3.8). This is actually the case of a linear Hamiltonian and of an
orthogonal geodesic Hamiltonian. For this reason solutions of equations (3.21) or (3.8) are called Stäckel

multipliers [KM3]: a conformal transformation of the kind gij 7−→ V gij preserves the separability of
an orthogonal metric. The fact that a potential compatible with the (orthogonal) separation has the
same form as a conformal cofactor preserving the (orthogonal) separation is rather a consequence of the
Maupertuis principle of mechanics: the dynamical trajectories of fixed energy h of a mechanical system,
whose kinetic energy and potential energy are respectively 1

2
gijv

ivj and V , are geodesics of the conformal
metric (V − h)gij.

Remark 3.5. When for a given coordinate system the metric tensor components satisfy equations (3.2),
then by the Stäckel theorem 3.1 we only conclude that a Stäckel matrix exists such that (3.3) holds and,
in order to perform the separation and to construct the first integrals, we need to know explicitly such a
matrix (it is not uniquely determined), or its inverse; we know only the last line of the inverse. Actually,
in practice the separation can be usually achieved by a direct inspection of the H-J equation and by
extracting from it equations involving single coordinates and the so called separation constants (see
the examples in Section 5). However, the problem of finding a Stäckel matrix, when only one line of its
inverse is known, can be solved through algebraic manipulations by comparison with some canonical

form of the inverse of a Stäckel matrix. Such canonical forms depend on the dimension n. For instance,
when n = 2 the inverse of a Stäckel matrix has the following canonical form:

(3.24) (φi
(j)) =





φ1
(1) φ2

(1)

φ1
(2) φ2

(2)



 =









φ2ψ1

φ1 + φ2

−φ1ψ2

φ1 + φ2

ψ1

φ1 + φ2

ψ2

φ1 + φ2









,
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where φi and ψi are functions of the variable corresponding to the index only (or constant). Hence, if
we know the second row (i.e. the components of the metric) we can construct the first row (i.e. the
associated first integral). The Stäckel matrix corresponding to (3.24) is

(3.25) (φ
(j)
i ) =





φ
(1)
1 φ

(2)
1

φ
(1)
2 φ

(2)
2



 =







1

ψ1

φ1

ψ1

−
1

ψ2

φ2

ψ2






.

For n = 3 a canonical form is

(3.26)































φi
(1) =

ψi

φ
(µi+2νi+1 − µi+1νi+2),

φi
(2) =

ψi

φ
(νi+2 − νi+1),

φi
(3) =

ψi

φ
(µi+1 − µi+2),

where the functions depend on the variable corresponding to the index and φ is the determinant

det





1 1 1
µ1 µ2 µ3

ν1 ν2 ν3



 .

Canonical forms of Stäckel matrices for n = 2, 3, 4 are discussed in [BF1].

4. Equivalent separable coordinates

The discussion of the Levi-Civita separation conditions (2.6) for non-orthogonal variables seems to be
much more difficult than the orthogonal case. In order to simplify this problem, one way is to perform
suitable transformations of coordinates which preserve the separation.

First of all we remark that every coordinate transformation which involves separately each one of the
coordinates (i.e. whose Jacobian is diagonal) is always allowed: it preserves the separation property.
It also preserves the coordinate surfaces. We will call such a coordinate transformation a separated

transformation. However, one can ask if these transformations are the only ones compatible with the
separation. We can give an answer to this question, following again a suggestion of Levi-Civita who, in
the case of a purely geodesic Hamiltonian, distinguished the separable coordinates in two classes [LC].
We can extend this classification to a generic Hamiltonian as follows.

Definition 4.1. Let (qi) be a system of separable coordinates. We say that a coordinate qi is of
first class if the function Ri (defined in (2.3)) is a linear function in the momenta, i.e. of the kind
Ri = Bj

i (qh) pj . Otherwise, we say that qi is of second class. A coordinate qi is called ignorable if
Ri = 0, i.e. if ∂iH = 0 (an ignorable coordinate is of first class).

It is known that a complete integral is geometrically represented by a local Lagrangian foliation of
the cotangent bundle T ∗Q, transversal to the fibers, such that the Hamiltonian H is constant on each
leaf. With a given Hamiltonian we can have different separable systems of coordinates corresponding to
different foliations. One can consider, as a simple example, the case of the geodesic Hamiltonian in the
Euclidean plane. Cartesian coordinates and polar coordinates are both separable, but they give rise to
different complete integrals. We say that they are not equivalent accordingly to the following

Definition 4.2. Two separable coordinate systems are said to be equivalent if in every domain in which
they are both defined they give rise to the same complete integral, interpreted as a Lagrangian foliation
of the cotangent bundle.

In order to simplify the discussion it is convenient to adopt the following notation for the indices [B1].
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Notation. Latin indices h, i, j, . . . always run from 1 to n, the dimension of Q. For indices corresponding
to coordinates of second class we use the first Latin letters a, b, c . . . , which run from 1 to m ≤ n. For
indices corresponding to coordinates of first class we use the first Greek letters α, β, γ, . . . , which run
from m+ 1 to n. We set r = n−m, the number of coordinates of first class.

Theorem 4.1. Two equivalent separable systems have the same number of first class coordinates (hence,
the same number of second class coordinates).

Proof. Let (qi) and (qi′) be two equivalent systems of separable coordinates. The corresponding momenta
are related by equations

(4.1) pi = Ai′

i pi′ , pi′ = Ai
i′pi,

where

Ai′

i =
∂qi′

∂qi
, Ai

i′ =
∂qi

∂qi′
.

When a complete integral W is given, we have pi = ∂iW and pi′ = ∂i′W . By applying the partial
derivative ∂j′ = Aj

j′∂j to the first set of equations (4.1) we get

Aj
j′∂jpi = Aj

j′∂jA
i′

i pi′ +Ai′

i ∂j′pi′ .

On the other hand the complete integral is a solution of the following two differential systems (see (2.2)),

∂jpi = δjiRi, ∂j′pi′ = δj′i′Ri′ .

Thus the following equations must be identically satisfied:

Ai
j′Ri = Aj

j′∂jA
i′

i pi′ +Aj′

i Rj′ (i, j′ n.s.).

Let us consider the case i = α (index of first class) and j′ = a′ (index of second class):

Aα
j′Rα = Aj

a′∂jA
i′

α pi′ +Aa′

α Ra′ (α, a′ n.s.).

By definition of coordinate of first class, the term Rα is linear in the momenta (pj), thus it is linear in the

momenta (pj′), and this equation shows that also Ra′ is linear, against our assumption, unless Aa′

α = 0.
Hence, by symmetry,

Aa′

α = 0, Aa
α′ = 0.

This means that the second class coordinates (qa) depend on the second class coordinates (qa′

) only, and
viceversa. Hence, the number of second class coordinates in both systems is the same.

Theorem 4.2. Every separable system is equivalent to a separable system in which all first class coordi-
nates are ignorable.

Proof. Accordingly to the distinction in two classes of the coordinates, we can split system (2.2) into the
following equations:

(4.2) ∂αpα = Bi
αpi, ∂ipj = 0 (i 6= j), ∂apa = Ra.

The integrability conditions of the whole system (2.4), with a particular choice of the indices, give

∂aB
i
αpi +Ba

αRa = 0 (a n.s.).

This equation shows that Ra is linear in the momenta, which is against the assumptions, unless Ba
α = 0,

so that

(4.3) Ba
α = 0, ∂aB

β
α = 0.
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Hence, the system (4.2) contains an autonomous sub-system in the first coordinates only,

∂αpβ = 0 (α 6= β), ∂αpα = Bγ
αpγ .

This system is integrable and it is linear in the momenta (pα). Hence, locally there exist r = n − m

independent solutions (φ
(β)
α ), such that the general solution is

(4.4) pα = cβ φ
(β)
α , (cβ) ∈ R

n.

Let us consider the new coordinate system (xi) defined by

(4.5) dxa = dqa, dxα = φ
(α)
β dqβ.

Equations (4.4) shows that the momenta (p(α)) associated with these new coordinates, evaluated on the
original complete integral W , are constant: p(α) = cα. Hence, the local expression of the Hamiltonian H
in these coordinates cannot depend on the coordinates (xα), or, in other words, the coordinates (xα) are
ignorable. Since the second class coordinates are unchanged, the new system (xi) is separable.

The matrix (φ
(β)
α ) in the preceding proof is a Stäckel matrix in the r variables (qα).

Remark 4.1. When the Hamiltonian is linear, H = Xipi, all separable coordinates are of first class, so
that we can always reduce to the case in which all separable coordinates are ignorable, and the complete
integral takes the form W = aiq

i.

The preceding theorems hold for whatever Hamiltonian. From now on we will consider the case of
a geodesic Hamiltonian (the following two statements can be extended to polynomial Hamiltonians of
second degree (1.4), but with longer proofs).

Theorem 4.3. In two equivalent separable systems the second class coordinates are related by a separated
transformation (i.e. they generate the same coordinate surfaces).

Proof. With the same procedure of the proof of Theorem 4.1, let us apply the partial derivative ∂j′ to
the second set of equations (4.1). By assuming that j′ 6= i′, we get

(4.6) ∂j′Ai
i′ pi + Ai

j′Ai
i′ Ri = 0.

Let us consider in particular two indices of second class, a′ 6= b′:

∂a′Ai
b′ pi +Aa

a′Aa
b′ Ra +Aα

a′Aα
b′ Rα = 0.

We remark that the first and the last terms in this equation are linear in the momenta. If we assume
that there is no linear combination of the kind faRa, where fa are functions of the coordinates (qi) only,
which reduces to a linear form in the momenta (pi), then the above formula cannot hold, unless

Aa
a′Aa

b′ = 0 (a′ 6= b′, a n.s.)

for each index a of second class. This means that for each index of second class a there exists one and
only one index of second class a′ such that Aa

a′ 6= 0. Indeed, if two such indices (a′, b′) exist, the equation
above cannot be satisfied; and, on the contrary, if no such indices exist, in the whole matrix (Ai

i′ ) the line
i = a is made of zeros: absurd, since this matrix is regular. The fact that only one Aa

a′ does not vanish,
proves that qa depends on one second class coordinate only. It remains to prove that no sum of the kind
faRa can be linear in the momenta. We have

Ra = 1
2

∂ag
ijpipj

gakpk

= −
1

2va
∂agijv

ivj ,



Separation of variables in the geodesic Hamilton-Jacobi equation 11

being (vi) new variables replacing the momenta:

vi = gijpj, pi = gijv
j .

Let us assume that there is a combination such that faRa = Liv
i, where (Li) are functions of the

coordinates only. With a change of notation this equation can be written as follows:

(4.7)
∑

a

1

2va
Paijv

ivj = Liv
i.

Let us differentiate equation (4.7) with respect to vb:

−
1

2(vb)2
Pbijv

ivj +
∑

a

1

va
Pabiv

i = Lb.

And again, twice with respect to vc, with c 6= b:

−
1

(vb)2
Pbciv

i −
1

(vc)2
Pcbiv

i +
∑

a

1

va
Pabc = 0.

−
1

(vb)2
Pbcc +

2

(vc)3

∑

i 6=c,b

Pcbiv
i = 0.

Just like the preceding ones, this last equation must be identically satisfied for all admissible values of
(vi). Hence, Pbcc = 0 and Pcbi = 0 for b 6= c, c 6= i. Let us differentiate (4.7) twice with respect to vα and
vβ (indices of first class). We get:

∑

a

1

va
Paαβ = 0.

This proves that Paαβ = 0. These results show that the polynomial Paijv
ivj is divisible by va, against

the assumption that a is an index of second class.

Theorem 4.4. Let (qi) = (qa, qα) be a separable system such that all coordinates of first class (qα)
are ignorable. Then every equivalent separable system (qi′) = (qa′

, qα′

) is related to this one, modulo a
separated transformation, by equations of the kind

(4.8) dqa = dqa′

, dqα = Aα
i′ dq

i′ ,

where Aα
i′ are functions depending on the variable corresponding to the lower index only.

Proof. We have already seen that coordinates of second class are invariant up to a separated transfor-
mation. Since (qα) are ignorable coordinates, we have Rα = 0 and equation (4.6) gives ∂j′Aα

i′ = 0 for
i′ 6= j′.

5. The normal form of the metric tensor components in separable coordinates

As we have said in the last part of the preceding section, we are considering the purely geodesic Hamil-
tonian: H = G = 1

2
gijpipj .

Theorem 5.1. In a separable system (qi) = (qa, qα), the coordinates of second class (qa) are orthogonal:
gab = 0 for a 6= b.

Proof. The Levi-Civita separation conditions (2.2) for two indices of second class a 6= b can be written
as follows,

(5.1) Ha(HbHab −HbH
b
a) = Ha(HbHa

b −HbH
ab),
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with the further simplifying convention Hi = ∂iH , Hi = ∂iH , etc.. Under our assumptions we have
Hi = vi and Hij = gij. By definition of second class coordinate the ratio Ra = Ha/H

a is not a
homogeneous first degree polynomial in the momenta, i.e. the first degree homogeneous polynomial Ha

is not a divisor of the second degree homogeneous polynomial Ha. Equation (5.1) shows that it must be
a divisor of the second degree polynomial HbHa

b −Hbg
ab, i.e. that there exists a first degree homogenous

polynomial

Lba = Li
bapi = Lbaiv

i

such that

(5.2) HbHa
b −Hbg

ab = HaLba.

From (5.1) it follows that

(5.3) HbHab −HbH
b
a = HaLba.

Our aim is to prove that condition gab 6= 0 implies Lba = 0 so that from (5.2) Hb would be a divisor
of Hb, which is against the assumption that also b is an index of second class. For this purpose, let us
differentiate equation (5.2) twice with respect to pa:

(5.4) Hbgaa
b = gaaLba +HaLa

ba,

(5.5) gabgaa
b = 2gaaLa

ba.

The explicit form of equation (5.4) in the variables (vi) is

vbgaa
b = gaaLbaiv

i + vaLa
ba.

As a polynomial identity in (vi), this equation implies:

(5.6) gaa
b = gaaLbab,

(5.7) gaaLbaa + La
ba = 0,

(5.8) gaaLbai = 0 (i 6= b, a).

Let us differentiate equation (5.2) by qa and equation (5.3) by pa:

Hb
aH

a
b +HbHa

ba −Hbag
ab −Hbg

ab
a = Ha

aLba +HaLia,a,

gabHab +HbHa
ab −Ha

bH
b
a −Hbg

ab
a = HaL

a
ba +Ha

aLba,

where Lba,a = ∂aLba. By subtracting term by term, we get equation

2Hb
aH

a
b − 2Hbag

ba = HaLba,a −HaL
a
ba.

On the other hand, equations (5.2) and (5.3) give respectively

Ha
b =

1

Hb
(HaLba +Hbg

ab), Hab = Hba =
1

Hb
(HaLba +HbH

b
a),
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so that from the last equation we get finally:

Ha(2Hb
aLba −HbLba,a) = Ha(2 g

baLba −HbLb
ba).

This equation shows that Ha = va must be a divisor of the polynomial

HbLa
ba − 2gabLba = vbLa

ba − 2 gabLbaiv
i,

so that

(5.9) La
ba = 2 gabLbab,

(5.10) gabLbai = 0 (i 6= a, b).

Now, we make use of all equations (5.5)-(5.10). From (5.6), (5.5) and (5.9) it follows that

gabgaaLbab = gabgaa
b = 2 gaaLa

ba = 4gabgaaLbab.

Hence,

(5.11) gabgaaLbab = 0, gaaLa
ba = 0.

Let us assume that gab 6= 0. We have two cases: (i) gaa 6= 0, (ii) gaa = 0. (i) We have: Lbab from (5.11),
Lbai = 0 (i 6= a, b) from (5.8) or from (5.10), La

ba = 0 from (5.11), Lbaa = 0 from (5.7). Thus we have
proved Lba = 0: absurd. (ii) If gbb 6= 0 we find case (i) by symmetry. Thus let us assume gaa = gbb = 0.
We have: Lbai = 0 (i 6= a, b) from (5.10), La

ba = 0 from (5.7) and Lbab = 0 from (5.9). This means that

(5.12) Lba = Lbaav
a = Lbaag

akpk.

Let us differentiate equation (5.2) twice with respect to pb. Under the assumption gbb = 0 we get
gabLb

ba = 0, thus Lb
ba = 0. However, due to equation (5.12), Lb

ba = ∂bLba = Lbaag
ab. This shows that

Lbaa = 0, too. We have proved that Lba = 0: absurd.

This proof, which is taken from [B2], is inspired to a proof given by Dall’Acqua in 1912 [DA] under the
assumption gaa 6= 0, which is always fulfilled by a positive-definite metric (see also [CN]). This proof can
be extended to Hamiltonians of the kind (1.4), through suitable modifications of the classification of the
coordinates. This proof suggests a further distinction between the coordinates of second class.

Definition 5.1. A coordinate qa is said to be isotropic if gaa = 0.

This means that the gradient of the coordinate qa is an isotropic (or null) vector and the coordinate
surface qa = const. is a coisotropic submanifold (a submanifold S ⊂ Q of a Riemannian manifold is
called coisotropic if (TqS)⊥ ⊂ TqS for each point q ∈ S). Hence, isotropic coordinates cannot occur in a
strictly-Riemannian manifold. Let m1 andm2 be the number of non-isotropic and of isotropic coordinates
of second class respectively: m1 + m2 = m = n − r. Also these numbers are invariant for equivalent
systems of separable coordinates, because of Theorem 4.3. Let us denote by ã, b̃, . . . the indices of second
class corresponding to non-isotropic coordinates and running from 1 to m1, and by ā, b̄, . . . the indices of
second class corresponding to the isotropic coordinates, running from m1 + 1 to m = n− r.

Now we can state the main theorem of our discussion (see [B1]).

Theorem 5.2. In an equivalence class of separable coordinates there exists a coordinate system (qi) such
that the first class coordinates (qα) are ignorable and such that the n × n matrix (gij) has the following
form

(5.13) (gij) =















m1 m2 r

m1 δãb̃gãã 0 0

m2 0 0 gāβ

r 0 gαā gαβ















.
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Proof. We have already proved the existence of equivalent systems where the first class coordinates are
ignorable (Theorem 4.2) and that the second class coordinates are orthogonal (Theorem 5.1). It remains
to prove that we can find equivalent separable coordinates for which gãα = 0, for each non-isotropic
second class index ã. Equations (5.1) reduce to

Ha(HbHab −HbH
b
a) = HaH

bHa
b ,

so that Ha must be a divisor of HbHa
b . Since Ha = va is not a divisor of Hb = vb, it must be a

divisor of Ha
b , so that there exists a functions fab of the coordinates only such that Ha

b = fabHa, i.e.
∂bg

ai = fabgai. A straightforward discussion shows that this equation implies

(5.14) gaj∂bg
ai = gai∂bg

aj (a 6= b),

for every pair of indices (i, j). By choosing (i, j) = (a, α) such that gaa 6= 0, we get equation [DA]

(5.15) ∂b

(

gaα

gaa

)

= 0, for a 6= b.

This means that

θα
a =

gaα

gaa

is a function of the variable qa only (the coordinates of first class are ignorable, thus they do not appear
in the metric components). The above considerations apply to all non-isotropic coordinates of second
class (qã): there exist functions (θα

ã ) depending on the variable corresponding to the lower index only,

such that gãα = θα
ã g

ãα. Let us consider a new coordinate system (qa′

, qα′

) defined by equations

dqa′

= dqa, dqα′

= dqα − θα
ã dq

ã.

This system is equivalent to the old one (see Theorem 4.4). The coordinates of first class (qα′

) are still
ignorable and moreover,

gã′α′

= Aã′

i A
α′

j g
ij = gãjAα′

j = gãβAα′

β + gãc̃Aα′

c̃ = gãα − gããθα
ã = 0.

Apart from the notation, this is a coordinate system which we were looking for.

Definition 5.2. We call (5.13) the normal form of a metric tensor in separable coordinates. The
separable coordinates for which such a normal form holds are called normal separable coordinates.

Remark 5.1. For the number m2 of second class isotropic coordinates we have the limits

m2 ≤ r, m2 ≤ min(p, q),

where (p, q) is the signature of the metric. Indeed, from the normal form (5.13) we see that m2 > r
implies det(gij) = 0, and the second limit follows from the fact that the maximal dimension of an
isotropic subspace of a space of signature (p, q) is min(p, q), and the tangent subspaces spanned by the
gradients of the coordinates (qā) are isotropic.

Theorem 5.4. The most general form of the metric tensor components in normal separable coordinates
is the following:

(5.16)











































gab = 0 for a 6= b and a, b = 1, . . . , m ≤ n,

gãã = φã
(m) for ã = 1, . . . , m1 ≤m,

gāā = 0 for ā = m1 + 1, . . . , m ,

gãα = 0 for α = m+ 1, . . . , n ,

gāα = θα
ā φ

ā
(m) (ā n.s.),

gαβ = ηαβ
a φa

(m),
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where φa
(m) is the last row of the inverse of a m×m Stäckel matrix in the second class coordinates (qa),

and θα
ā and ηαβ

a are functions depending on the coordinates corresponding to the lower index only.

Proof. We have the metric tensor components in the normal form (5.13). The first class coordinates are
all ignorable. Let us consider equation (5.14) in the particular case

gāα∂bg
āβ = gāβ∂bg

āα.

For a fixed isotropic index of second class ā there is at least one index of first class β such that gāβ 6= 0
(otherwise the matrix (5.13) would be singular), so that the preceding equation can be written

∂b

(

gāα

gāβ

)

= 0.

This means that for each index ā there is a function Xā and functions (θα
ā ) depending on the variable

corresponding to the lower index only, such that for each index α

(5.17) gāα = θα
āX

ā.

Now, let us consider the Hamiltonian in normal separable coordinates,

H = 1
2 g

ãã(pã)2 + gāαpāpα +
1

2
gαβpαpβ.

Since the first class coordinates are ignorable, the corresponding momenta can be considered as constants
of integration of the H-J equation. The Hamiltonian can be written

H = Xãφã +Xāφā + V,

by setting

(5.18) Xã = 1
2 g

ãã, Xā = gāαpα, V = 1
2 g

αβpαpβ , φã = (pã)2, φā = pā.

We can apply to this case the discussion of Section 3. The m functions (Xa) = (Xã, Xā) will be solutions
of integrability conditions of the kind (3.19), and the ”potential” V will be a solution of an equation of
the kind (3.21). This means that there exists a m ×m Stäckel matrix (φa

(b)) such that Xa = φa
(m) and

V = ηaφ
a
(m), with (ηa) function of the variable corresponding to the index only. Due to (5.17) and (5.18),

the theorem is proved.

Remark 5.2. Since we know the general form of the coordinate transformation from a separable system
with ignorable first class coordinates (like a normal separable system) to a generic equivalent separable
system (Theorem 4.4, formulae (4.8)), we can perform the corresponding tensor transformation on the
components (5.16). The result will be the general form of the contravariant metric tensor components in
separable coordinates. By a suitable adaptation of the notation, this form turns out to be the following:

(5.19)































gab = 0 for a 6= b and a, b = 1, . . . , m ≤ n,

gãã = φã
(m) for ã = 1, . . . , m1 ≤ m,

gāā = 0 for ā = m1 + 1, . . . , m ,

gaα = φα
(β)θ

β
a φ

a
(m) (a n.s.),

gαβ = φα
(γ)φ

β

(δ)η
γδ
a φa

(m),

where (φa
(m)) is the last row of the inverse of a m×m Stäckel matrix in the second class coordinates (qa),

(φα
(β)) is the inverse of a r × r Stäckel matrix in the first class coordinates (qα), and the other functions

depending on the coordinate corresponding to the lower index only (compare with [II] [CN]).
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According to Theorem 5.4, the most general separable geodesic Hamiltonian in normal separable coordi-
nates takes the form

(5.20) G = 1
2 φ

ã
(m) (pã)2 + φā

(m)θ
α
ā pāpα + 1

2 φ
a
(m)η

αβ
a pαpβ.

In the general form of the metric tensor components, with respect to normal separable coordinates (5.16),
and in the expression of the most general Hamiltonian (5.20), only one line of the inverse of a Stäckel
matrix appears (the last one, according to our notation). The analogous formulae obtained by considering
any other row φa

(b) of this matrix will give the components of a tensor Kij

(b), such that the m quadratic

functions

(5.21) Fb = 1
2
Kij

(b)pipj = 1
2
φã

(b) (pã)2 + φā
(b)θ

α
ā pāpα + 1

2
φa

(b)η
αβ
a pαpβ,

are first integrals in involution. This follows from a discussion similar to that of Section 3, concerning the
procedure of separation: we interpret the H-J equation G = h as the last equation of a system Fb = ab

of m equations, which can be solved with respect to the momenta,

(5.22) (pã)2 = 2abφ
(b)
ã − ηαβ

ã aαaβ , (aαθ
α
ā ) pā = abφ

(b)
ā − 1

2 η
αβ
ā aαaβ,

taking into account that the momenta of first class are constant (since the first class coordinates are
ignorable):

pα = aα.

Equations (5.22) are separated equations: they form a system of separated ordinary differential equations
in the m unknown functions Wa(qa) such that pa = dWa/dq

a. The constants (ai) = (aa, aα) will appear
in the complete integral

W =

m
∑

a=1

Wa(qa, ai) + aαq
α.

They are the so called separation constants.

We conclude that the separation of variables is concomitant with the existence of r ignorable coordinates
(qα), which generate r linear first integrals (pα), and the existence of a complementary number m = n−r
of quadratic first integrals (Fb), one of which is the geodesic Hamiltonian itself. All these first integrals
are in involution due to the Jacobi theorem. As we will see in the next sections, in order to discuss
the intrinsic characterization of the separation of variables, it is more convenient to think of these first
integrals as Killing vectors or Killing tensors. The Killing vectors are the partial derivatives (∂α)
associated with the ignorable coordinates, interpreted as vector fields. The components of the Killing
tensors are the coefficients (Kij

b ) of the quadratic forms (Fb).

When there are no isotropic second class coordinates (like in the case of a positive definite metric) the
normal form (5.13) reduces to

(5.23) (gij) =





m r

m δabgaa 0

r 0 gαβ



,

where

(5.24) gaa = φa
(m), gαβ = ηαβ

a gaa.

The non vanishing components of the Killing tensors are:

(5.25) Kaa
(b) = φa

(b), Kαβ

(b) = ηαβ
a Kaa

(b).
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Several examples of separable metrics are given by exact solutions of Einstein’s field equations (see for
instance [CR] [W] [KSMH] [BF2]). We present here only three of them, showing how they fit the theory.

Example 5.1. The Reissner-Nordström metric

(5.26) ds2 = r2(dθ2 + sin2 θ dφ2) +
r2

∆
dr2 −

∆

r2
dt2,

where ∆ = r2 +e2−2mr, provides a mathematical model for the exterior field of a spherically symmetric
body of charge e and mass m. For e = 0 it reduces to the Schwarzschild metric. Coordinates φ and t
are ignorable, so that, according to our notation it is convenient to set

(5.27) q1 = r, q2 = θ, q3 = φ, q4 = t.

These coordinates are orthogonal and the contravariant components are

(5.28) (gii) =

(

∆

r2
,

1

r2
,

1

r2 sin2 θ
,−

r2

∆

)

.

We can see directly from the H-J equation that these coordinates are separable. The separation is achieved
by introducing the separation constant

c = p2
2 +

1

sin2 θ
p2
3,

so that the H-J equation reduces to

∆p2
1 + c−

r4

∆
p2
4 = 2h r2,

where (pα) = (p3, p4) are constants due to the ignoration of the coordinates (q3, q4). However, the
separation can be also recognized by comparing (5.28) with the normal form (5.16). The coordinates
(qa) = (q1, q2) are of second class and the components

(gaa) =

(

∆

r2
,

1

r2

)

fit the condition gaa = φa
(2) by setting in the canonical form (3.24),

φ1 = r2, φ2 = 0, ψ1 = ∆, ψ2 = 1.

The condition gαβ = ηαβ
a gaa is fulfilled by setting

η33
1 = 0, η44

1 = −
r4

∆2
, η33

2 =
1

sin2 θ
, η44

2 = 0.

The conclusion is that the given coordinates are normal separable coordinates. Moreover, by using
formula (5.25) and (3.24) we can construct the components of the non trivial Killing tensor K = K1.
The result is

K11 = 0, K22 = − 1, K33 = −
1

sin2 θ
, K44 = 0,

and, up to the inessential factor −1
2
, the corresponding first integral coincides with the separation constant

c. If instead of t we use a new coordinate u defined by equation (see [KSMH])

(5.29) dt = du+
r2

∆
dr,
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then the metric becomes

ds2 = r2(dθ2 + sin2 θ dφ2) − 2du dr−
∆

r2
du2.

The new system (r, θ, φ, u) is separable and equivalent to the old one, since the transformation (5.29)
fits the transformation formulae (4.8). However, these coordinates are no more normal, since the matrix
(gij) has now the form:

(gij) =





















1 0 0 −
r2

∆

0
1

∆
0 0

0 0
1

∆ sin2 θ
0

−
r2

∆
0 0 0





















.

Example 5.2. The Kerr-Newmann metric

ds2 = ρ2

(

dr2

∆
+ dθ2

)

+ sin2 θ

(

r2 + a2 − ε
a2 sin2 θ

ρ2

)

dφ2

−

(

1 +
ε

ρ2

)

dt2 + 2 εa
sin2 θ

ρ2
dt dφ,

where ∆ = r2 + a2 + e2 − 2mr = r2 + a2 + ε and ρ2 = r2 + a2 cos2 θ, is a model for the exterior
gravitational field of a rotating source of charge e, mass m and angular momentum a. For e = 0 it
reduces to the Kerr metric, and for e = 0 and a = 0 to the Schwarzschild metric. As in (5.27) we set
q1 = r, q2 = θ, q3 = φ, q4 = t. The contravariant components form the matrix

(gij) =



























∆

ρ2
0 0 0

0
1

ρ2
0 0

0 0
1

ρ2

(

1

sin2 θ
−
a2

∆

)

a

ρ2

(

1 −
a2 + r2

∆

)

0 0
a

ρ2

(

1 −
a2 + r2

∆

)

1

ρ2

(

a2 sin2 θ−
(a2 + r2)2

∆

)



























This is a normal form, where (qa) = (r, θ) are second class coordinates and (qα) = (φ, t) are first class
ignorable coordinates. Indeed we have

φ1 = r2, φ2 = a2 cos2 θ, ψ1 = ∆, ψ2 = 1,

and

(ηαβ
1 ) = −

1

∆2





a2 a(a2 + r2)

a(a2 + r2) (a2 + r2)2



 , (ηαβ
2 ) =





1

sin2 θ
a

a a2 sin2 θ



 .

These normal separable coordinates are not orthogonal.

Example 5.3. The Friedmann metric

ds2 = dt2 −R(t)

(

dr2

1 − kr2
+ r2dθ2 + r2 sin2 θdη2

)

,

where k is a constant and R(t) an arbitrary smooth function without zeros. The coordinates

q1 = r, q2 = t, q3 = θ, q4 = η,
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are normal separable coordinates; (r, t, θ) are of second class, and η is ignorable. Indeed, the contravariant
components of the metric are

(gii) =

(

kr2 − 1

R(t)
, 1 ,−

1

r2R(t)
,−

1

r2R(t) sin2 θ

)

.

The separation can be achieved through the separation constants

a1 = R(1
2
p2
2 − h), a2 = p2

3 +
1

sin2 θ
p2
4.

We can fit the canonical form (3.26) with

ψ1 =
kr2 − 1

1 − r2
, ψ2 = R(t), ψ3 = 1,

µ1 =
1

1 − r2
, µ2 = 0, µ3 = 1,

ν1 = 0, ν2 = −R(t), ν3 = 0.

and formula (5.25) with

(η44
a ) =

(

0, 0,
1

sin2 θ

)

.

Example 5.4. This is an example of normal separable coordinates with an isotropic second class coor-
dinate (it is taken from [KM1], where further examples can be found). The three-dimensional metric

ds2 = y dz2 + 2 dx dy+ 1
4

z2

y
dy2

is a locally flat Lorentzian metric. If we set

q1 = z, q2 = y, q3 = x,

then the contravariant components are

(gij) =













1
y

0 0

0 0 1

0 1 −1
4

z2

y













.

The coordinate q3 is ignorable, q1 is of second class and q2 is isotropic of second class. The normal form
of the metric (5.16) and the canonical form (3.24) can be fulfilled by setting

φ1 = 0, φ2 = y, ψ1 = 1, ψ2 = 1, θ32 = y, η33
1 = −1

4
z2, η33

2 = 0.

6. Intrinsic characterization of the orthogonal separation

With each smooth contravariant symmetric tensor field K over a manifold Q we associate a real smooth
function EK on the cotangent bundle T ∗Q defined by

(6.1) EK = 1
k!
Ki1...ikpi1 . . . pik

,
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where k is the order of K. This fact establishes a natural identification between symmetric contravariant
tensors on Q and functions on T ∗Q which are homogeneous polynomial in the momenta. Due to this
identification, the two natural algebraic structures on the space of these functions induce two algebraic
structures on the space of contravariant symmetric tensors. The ordinary product of real functions induces
a symmetric product denoted by ∩ and defined by equation:

(6.2) EK∩L = EKEL.

This product is commutative and associative. The Poisson brackets on T ∗Q, induces Lie brackets [K,L]
defined by equation

(6.3) E[K,L] = {EK, EL}.

Moreover, the Lie brackets are a bi-derivation with respect to the symmetric product, i.e.

(6.4) [K,L ∩M ] = [K,L] ∩M + [K,M ]∩ L.

We say that symmetric contravariant tensors K and L commute or that they are in involution when
[K,L] = 0. If Q is a Riemannian manifold, with metric tensor g, then there is a natural identification
between contravariant and covariant (symmetric) tensors, and Eg = G is the geodesic Hamiltonian. A
Killing tensor is a symmetric tensor which commute with the metric: [K, g] = 0; i.e. such that the
corresponding function EK is a geodesic first integral: {EK, G} = 0.

In the following discussion we will deal only with Killing tensors of order 1, which are called Killing

vectors, and of order 2, which we will call briefly Killing tensors, by understanding the order 2.

A Killing vector X is characterized by the following equivalent properties. (i) The Lie derivative of the
metric tensor g with respect to X is zero. (ii) The (local) action on Q generated byX is made of isometries
(i.e. of rigid motions, according to the old terminology). (iii) In a coordinate system (qi) such that
∂1 = X, the coordinate q1 is ignorable: ∂1gij = 0. (iv) The covariant derivative ∇X with respect to the
Levi-Civita connection is skew-symmetric. (v) As a derivation over the functions, X = Xi∂i commute
with the Laplacian ∆ = gij∇i∂j.

Tensor fields of order 2 can be interpreted as linear operators over the spaces of vector fields and 1-forms.
Let us denote by X ·K and by φ ·K the value of a 2-tensor field K on a vector field X and a 1-form φ.
The tensor is symmetric if and only if X ·K · Y = Y ·K ·X. In this sense, we can also consider fields of
eigenvectors, eigenforms and eigenvalues of K.

It can be proved that

Theorem 6.1. (i) [E2] If a symmetric tensor field K of order 2 is diagonalized in a coordinate system
(qi), then it is a Killing tensor if and only if the following equations are satisfied

(6.5) ∂iρj = (ρi − ρj) ∂i log |gjj|,

where ρi is the eigenvalue corresponding to the vector fields ∂i = ∂
∂qi . (ii) If two Killing tensors and are

both diagonalized in a coordinate system (qi), then they are in involution.

We remark that equations (6.5) coincide with equations (3.23). This circumstance represents the link
between Killing tensors and orthogonal separation. Indeed, as we have seen in Section 3, orthogonal
separation of variables gives rise to a set of n independent quadratic first integrals. Interpreted as Killing
tensors they have the following characteristic properties [E1] [W] [KM2]:

(a) they are pointwise independent and in involution;

(b) one of them is the metric tensor;

(c) they have n common orthogonal closed eigenforms.

Property (c) follows from the fact that the Killing tensors are all diagonalized in the separable coordi-
nates. This means that the differentials (dqi) of such coordinates are common orthogonal eigenforms
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(or, equivalently, that the partial derivatives (∂i) with respect to these coordinates, interpreted as vector
fields, are common orthogonal eigenvectors). It follows from Theorem 6.1 that the existence of inde-
pendent Killing tensors satisfying the above requirements is equivalent to the complete integrability of
system (6.5). On the other side, as we have seen in Section 3, the integrability conditions of this system
coincide with the Levi-Civita separation conditions in the case of a geodesic Hamiltonian in orthogonal
coordinates.

Remark 6.1. Due to equations (6.5), the characteristic equations (3.8) of a potential compatible with
orthogonal separation can be written in the following equivalent form:

(6.1) (ρi − ρj)∂ijV = ∂iρj ∂jV − ∂jρi ∂iV.

Example 6.1. Two-dimensional manifolds. On Riemannian manifolds of dimension 2, the sepa-
ration of the H-J equation always occurs in orthogonal coordinates and without second class isotropic
coordinates. Indeed, we have three cases. (i) If a separable system has only coordinates of second class,
then, due to the normal form (5.13), the coordinates are necessarily orthogonal and non-isotropic. (ii)
If a separable system has one coordinate of second class, and this coordinate is not isotropic, then the
normal form (5.13) shows again that the coordinates are orthogonal. However, the case of one isotropic
coordinate of second class is excluded; indeed, in this case the normal form is

(gij) =





0 g12

g12 g22



 ,

with g12 6= 0, and H1 = ∂1g
ijpipj is divisible by H1 = g1ipi = g12p2, which is in contrast with the

assumption that q1 is of second class. (iii) If there are two separable coordinates of first class, then they
are equivalent to ignorable coordinates. A manifold admitting a system of ignorable coordinates is locally
flat, since the components of the metric tensor in these coordinates are constant. So we can always choose
orthogonal (ignorable) coordinates (i.e. orthogonal Cartesian coordinates).

Due to this property and to the preceding discussion, equivalence classes of orthogonal separable coor-
dinates are then in one-to-one correspondence with equivalence classes of Killing tensors, if we say that
two Killing tensors are equivalent if they are related by a linear relation with constant coefficients to the
metric tensor g. In other words, every Killing tensor K gives rise to an equivalence class of orthogonal
separable system; a Killing tensor of the kind aK + bg, where a, b ∈ R, gives rise to the same class. The
only requisite is that the Killing tensor is not proportional to the metric tensor and that it has smooth
real eigenvalues (this second requisite is automatically fulfilled if the metric is positive-definite). Hence,
with every Killing tensor K we associate a singular set made of singular points in which the two
eigenvalues of K coincide or are complex. The separable coordinates are then defined (locally) on the
complementary set.

A straightforward discussion based on equations (6.5) shows that [BR]: (i) If the eigenvalues (ρi) = (ρ1, ρ2)
of K are independent functions, then they define a separable system of coordinates: q1 = ρ2, q

2 = ρ1.
More precisely, equations ρi = const. define two orthogonal families of unparametrized curves which are
the coordinate surfaces of equivalent orthogonal separable systems. (ii) If the eigenvalue ρ1 is constant,
then the eigenvector X2 corresponding to the other eigenvalue is, up to a factor, a Killing vector. In case
(i), the characteristic equations (6.1) of a separable potential reduce to the single equation

(6.2) (q1 − q2)∂12V = ∂1V − ∂2V.

Example 6.2. The Euclidean plain. On the Euclidean plain E2 every Killing tensor is reducible, i.e.
it is a linear combination, with constant coefficients, of symmetric product of Killing vectors. This is in
fact a property of all manifolds with constant curvature [KL]. In particular it can be shown [BR] that
every Killing tensor has the form

K = aRP ∩RQ + b g, a, b ∈ R,
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where RP denotes the unitary rotation centered at the point P ∈ E2. This is a Killing vector defined by
RP (x) = ω×x, where ω is a unitary vector orthogonal to the plane E2 inbedded in the three-dimensional
Euclidean space, and x is the position vector of a generic point of the plain. We do not exclude the
case in which the point P goes to the infinity; in this case P is a direction and RP is a unitary vector
field orthogonal to this direction. As a consequence of the preceding discussion (Example 6.1), we have
that every equivalence class of orthogonal separable coordinates in the plain is characterized by a Killing
tensor of the form

K = RP ∩RQ.

The singular points of K are precisely the points P and Q, when they are ”true” points (not at the
infinity). Hence, we have four possibilities:

(i) The two points P and Q are both at the infinity.

(ii) Only one point (say Q) is at the infinity.

(iii) The two points P and Q are true points and P 6= Q.

(iv) The two points P and Q are true points and coincide.

It can also be proved that the eigenvalues of K give rise to families of confocal conics, whose focuses are
precisely the points P and Q. Hence, in correspondence with the above four cases, we have the known
four kinds of separable coordinates:

(i) Cartesian;

(ii) parabolic (with focus P and axis PQ);

(iii) elliptic-hyperbolic (with focuses P and Q);

(iv) polar (with center P = Q).

Furthermore, through equations (6.1), it is possible to characterize all possible potentials compatible with
the separation. We mention here, as an example, only one result (a detailed discussion is contained in
[BR]).

Theorem 6.1. The dynamical H-J equation of a material point in the Euclidean plain, submitted to
two symmetrical fields centered at two distinct points P and Q, is integrable by separation of variables
by means of elliptic-hyperbolic coordinates with focuses P and Q, if and only if the potential is of the
kind

V = a(r2P + r2Q) +
b

rP

+
c

rQ

(a, b, c ∈ R),

where rP denotes the distance from the point P , i.e. if and only if the two fields are a combination of
Coulombian fields of any charge (in particular, Newtonian fields) and of elastic or centrifugal fields with
the same constant (negative or positive).

Example 6.3. The sphere. As far as the Killing vectors are concerned, on the sphere S2 we have
results similar to the Euclidean plain. We consider the unitary sphere centered at a point O of the
three-dimensional Euclidean space. Separable coordinates are generated by Killing vectors of the kind

K = Ru ∩Rv,

where u and v are unitary vectors, and Ru denotes the unitary rotation around the axis (O, u) and defined
by Ru(x) = u× x. We have only two possibilities:

(i) the vectors u and v coincide;

(ii) the vectors u and v are distinct.

In case (i) we have two opposite singular points N and S, and the corresponding coordinates are the
spherical-polar coordinates. In case (ii) we have two pairs of opposite singular points, (N1, N2) and
(S1, S2), and the separable coordinates are those considered by Neumann [NE]: the coordinate curves
are two families of confocal spherical conics, one family has the pair of points (N1, N2) (or (S1 , S2)) as
focuses, the other one has the pair (N1, S2) (or (S1, N2)), being Si the opposite of Ni. We notice that
spherical ellipses with focuses (N1, N2) are spherical hyperbolae with focuses (N1, S2).
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Example 6.4. The asymmetric ellipsoid. This is a classical subject with a wide literature originated
by Jacobi. Through the so called Jacobian coordinates it is possible to integrate by separation of
variables the geodesic H-J equation. These coordinates are the restriction to the ellipsoid of separable
orthogonal coordinates on the three-dimensional Euclidean space generated by three families of confocal
quadrics (see [BI]). It can be proved that a Killing tensor generating these coordinates is

K = κ−
3

4B,

where B is the second fundamental form and κ is the Gaussian curvature, i.e. the product of the two
eigenvalues of B (the main curvatures). The singular points of K are the umbilical points. Moreover, it
can be proved that the separation constant corresponding to K is the Joachimsthal constant [BI]: for
every geodesic the product of the distance of the center from the tangent plain at a point of the geodesic,
times the length of the diameter parallel to the tangent to the geodesic at the same point is constant.

Example 6.5. Manifolds with constant curvature. Kalnins [K] has proved that on the Euclidean
spaces En, on the spheres Sn and on the pseudo-spheres Hn every separable system has an orthogonal
equivalent. This means that on strictly-Riemannian manifolds with constant curvature the separation
always occurs in orthogonal coordinates. In [B3] this property has been extended to Lorentzian man-
ifolds (signature (+ . . . + −)) with non-negative curvature (for systems without isotropic second class
coordinates). The proof is based on the geometrical characterization of separable coordinates in general,
illustrated in the next section.

7. Intrinsic characterization of the separable systems without second class
isotropic coordinates

As we have seen in Section 5, the separation of variables gives rise to r linear first integrals and to a
complementary numberm = n−r of quadratic first integrals, which are all in involution and independent.
If we interpret these first integrals as Killing vectors (Xα) and Killing tensors (Ka), then, in the case in
which there are not second class isotropic coordinates, by looking at formulae (5.23), (5.24) and (5.25)
(we always refer to normal separable coordinates (qa, qα)) we can derive for them the following properties:

(a) they are in involution; the Killing vectors are pointwise independent; the Killing tensors are
pointwise independent;

(b) one of the Killing tensors is the metric tensor;

(c) the Killing tensors have m common orthogonal closed eigenforms (φa) (or m orthogonal eigenvec-
tors (Xa) in involution: Xa·Xb = 0, [Xa, Xb] = 0);

(d) The eigenforms are orthogonal to the Killing vectors: 〈Xα, φ
a〉 = 0 (or, equivalently, Xα·Xa = 0).

(e) The eigenforms are invariant with respect to the Killing vectors: dXα
φa = 0 (or, equivalently,

[Xα, Xa] = 0).

(f) The Killing vectors generate a normal distribution.

Indeed, we recognize these conditions by setting

φa = dqa, Xa = ∂a, Xα = ∂α.

The symbol dX used in (e) denotes the Lie derivative with respect to the vector field X. We remind that,
for a closed 1-form φ, dXφ = d〈X, φ〉. The last property (f) follows from the fact that the vectors (∂a)
generate the distribution orthogonal to the Killing vectors. Moreover, since the Killing vectors commute,
they generate an integrable distribution whose integral foliation is made of locally flat manifolds. Hence,
with a separable system we can associate two mutually orthogonal foliations: a foliations E made of locally
flat submanifolds of dimension r, tangent to the Killing vectors and defined by equations qa = const.,
and an orthogonal foliation S defined by equations qα = const., made of submanifolds of dimension m
which admits orthogonal systems of separable coordinates.

We can interpret this fact in a slightly different manner. The Killing vectors generate an Abelian free
action of isometries on the manifold Q, whose fibers are locally flat manifolds which form the foliation
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E . Let us denote by Q̄ the quotient manifold and by π:Q → Q̄ the quotient projection. The metric
tensor g is reduced to a metric tensor ḡ on Q̄ by the projection π. The restriction of this projection to
every manifold of the foliation S orthogonal to the fibers is an isometry. This is actually a geometrical
picture which holds only locally, i.e. for open subset U ⊂ Q. We remark that the orthogonal separable
coordinates existing on the reduced manifold Q̄, even if they correspond to second class coordinates on
the whole manifold Q, they are not all necessarily of second class. So that we can perform for Q̄ the same
procedure of reduction, and so on.

All the properties listed above can be considered as necessary conditions for the existence of separable
coordinates. As sufficient conditions they are redundant (see [KM3]). However, there is not a unique or
privileged minimal subset of these conditions to be taken as sufficient conditions. We do not enter in
this discussion. Instead, we give an example of how the geometrical characterization of separation can
be used.

Up to a linear transformation with constant coefficients, we can always reduce the Killing vectors to be
orthogonal on any chosen leaf of the locally flat foliation E . These transformations are compatible with
the separation: they give rise to equivalent separable systems. However, it is not possible in general to
reduce the Killing vectors to be orthogonal everywhere. When this happens, we find orthogonal separable
systems. Indeed, the Killing tensors (Ka, Kα = Xα ∩Xα) satisfy the requirements listed in Section 6.

Actually, this always happens in the affine Euclidean spaces En and in the affine Minkowskian spaces
Mn. Indeed, in these spaces every system of independent commuting Killing vectors generating a normal
distribution (properties (a) and (f)) can be orthogonalized, i.e. it can be transformed into an orthogonal
system through a linear transformation with constant coefficients [B3]. In particular this property holds
for Killing vectors which are rotations around a fixed point O of these spaces. Thus, if we consider
the restrictions of these rotations to the fundamental hyperquadrics (see [E2]) centered at the point
O, then we conclude that the same property holds for the Killing vectors on these manifolds. The
fundamental hyperquadrics are spheres Sn−1 ⊂ En defined by equation x·x = 1, hyperboloids Hn−1 ⊂ Mn

defined by equation x·x = −1, and hyperboloids Ln−1 ⊂ Mn defined by equation x·x = 1. The first two
are strictly-Riemannian manifolds with constant curvature, positive and negative respectively. The third
ones are Lorentzian manifolds with constant positive curvature. The spaces and surfaces so far considered
provide a local model for all strictly-Riemannian manifolds with constant curvature and all Lorentzian
manifolds with constant non-negative curvature. Hence, as we said at the end of last section, on these
manifolds the separation of variables always occurs in orthogonal coordinates.
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(1981).

[BF2] S.Benenti, M.Francaviglia, The theory of separability of the Hamilton-Jacobi equation and
its applications to general relativity, in General Relativity and Gravitation, A.Held Ed., Plenum
(1980).

[BI] L.Bianchi, Lezioni di geometria differenziale, Spoerri, Pisa (1902-1903).

[BR] S.Benenti, G.Rastelli, Sistemi di coordinate separabili nel piano euclideo, Memorie Accad.
Sci. Torino (forthcoming).



Separation of variables in the geodesic Hamilton-Jacobi equation 25

[CR] B.Carter, Hamilton-Jacobi and Schrödinger separable solutions of Einstein equations, Comm.
Math. Phys. 10, 280-310 (1968).

[CN] F.Cantrijn, Separation of variables in the Hamilton-Jacobi equation for non-conservative
systems, J. Phys. A: Math. Gen. 10, 491-505 (1977).

[DA] F.A.Dall’Acqua, Le equazioni di Hamilton-Jacobi che si integrano per separazione delle vari-
abili, Rend. Circ. Mat. Palermo 33, 341-351 (1912).

[E1] L.P.Eisenhart, Separable systems of Stäckel, Ann. Math. 35, 284-305 (1934).
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