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Introduction

A symplectic reduction is a symplectic relation between two symplectic mani-
folds (Pp “)1) and (Pz’ mz) whose graph represents a surjective submersion from
a submanifold of P, onto P2. Symplectic reductions appear in the symplectic
formulation of various physical theories. It is known, for example, that the
Hamilton-Jacobi theory can be formulated in terms of generating functions of
symplectic reductions [1] [2]. Furthermore, the behaviour of reciprocal statical
or dynamical systems with singularities can be described by using symplectic
reductions [3]. Symplectic reductions appear also in the global framework for
higher order calculus of variations presented in [4].

Symplectic manifolds and symplectic reductions form a category which ex-
tends the category of symplectomorphisms. The aim of this article is to present
some general results concerning the category of symplectic reductions and related
functors.

1. Differentiable Relations

A differentiable relation is a triple p = (P}, Pz; R) where Pl, P2 are differentia-
ble manifolds and R is a submanifold of the product manifold P, x P,,. We call
P, P2 and R the domain, the codomain and the graph of the relation p respecti-
vely. Notation p : P, = P, and R = graph p is also used for a differentiable rela-
tion whose domain, codomain and graph are P, P, and R respectively.

Let p = (P, P2; R) be a differentiable relation. We denote by p’ = (P Pl;R’),
with R" = {(p,, p)) € P, x Pi(p, py) € R}, the transpose of p. Let K be a
subset of P|. We call the set

p(K)=ReoK={p,€Py; Ip, €K : (p;,p,)) ER}

the image of K by the relation p. In particular we call R o P1 and R! o P, the
image and the inverse image of p respectively.
The composition o o p = (P, P3; S o R) of two differentiable relations
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p = (P, P);R) and 0 = (P,, P,; S) is defined by
SeR ={(py,p,) EP xPy; Ap,EP,:(p,,p,) ER,(p,,P,) € S}.

In general S o R is not a submanifold of P, x P3, thus o o p is not a differentiable
relation.

A differentiable mapping p : £; P, is a particular case of differentiable rela-
tion. A differentiable relation p : P, — P, which is a mapping is not necessarily a
differentiable mapping.

2. Differentiable Reductions

We call differentiable reduction (or simply reduction) a differentiable relation
p = (P}, P,; R) such that R is the graph of a surjective submersion 5 : C =P, from
a submanifold C C P1 onto PZ' We say that p is the submersion associated with
the reduction p. For each point p, €EP, the set pf (Pz) is a submanifold of C,
thus a submanifold of Pl. We call such a submanifold a fiber of p. For each
fiber F we have

(2.1) dim F = dim C — dim P,,

From the well known properties of submersions it follows that if S C P, is a sub-
manifold, then p’(S) is a submanifold of P, and

(2.2) dim p*(S) = dim S + dim C — dim P, .

It can be easily seen that the composition of two reductions is again a reduction.
We conclude that the differentiable manifolds and differentiable reductions are the
objects and the morphisms of a category. We call this category the category of
reductions and we denote it by Z.

Elementary examples of differentiable reductions:

(i) a diffeomorphism;

(ii) a surjective submersion;

(iii) the transpose of an embedding.

(2.3) REMARK. A reduction is always the composition of a reduction of the type
(iii) and a reduction of the type (ii).

(2.4) REMARK. We can consider morphisms more general than the differentiable
reductions defined above. For example, we can abandon the requirement that
the submersion associated with the relation is surjective. On the other hand we
can define as local reduction any differentiable relation p = (Pl’Pz;R) such that
for each (p,, pz) € R there exist open neighborhoods U, and U, of p, and p, re-



THE CATEGORY OF SYMPLECTIC REDUCTIONS 13

spectively, such that the relation (U;, U,; R N (U, x U,)) is a reduction. The state-
ments concerning reductions contained in the present paper can be extended
(with suitable slight modifications) to these more general types of relations.

3. Symplectic Relations

Let (P, w) be a symplectic manifold (P is an even-dimensional differentiable
manifold, w is a closed non-degenerate 2-form on P). We denote by (P, w)’ the
symplectic manifold (P, — w). Let K C P be a submanifold. For each x € P we
set

(T, K)f = € T,P; wAv,w)=0, Vue T K}

The submanifold K is said to be isotropic (resp. coisotropic, Lagrangian) if
(TXK)§ D T K (resp. (T.K)® C T.K, (TXK)§ = T_K) for each x € K. In these
three cases we have dim K < 1/2 dim P, dim K = 1/2 dim P, dim K = 1/2 dim
P respectively. The submanifold X is isotropic if and only if w[K= 0 (w| K deno-
tes the pull-back of the form w to K). The submanifold K is coisotropic if and
only if for each pair (f; g) of differentiable real functions on P which are constant
on K the Poisson bracket {f, g} vanishes on K.

The product of two symplectic manifolds (P, wl) and (P2, “"2) is the symplec-
tic manifold

(Pl’ “"1) X (Pz’ “‘"2) = (P, x P2, prf‘ w, + prz*wz),

where pr, : P, x P, P, (i = 1, 2) are the natural projections.

A symplectic relation from a symplectic manifold (2,, wl) to a symplectic
manifold (P, "“’2) is a differentiable relation p = (V28 Pz; R) such that R is a La-
grangian submanifold of (P, o.al)r x (P, w,). For a symplectic relation we use
the notation p = ((P;, “"1)’ (P2, wz); R)orp: (Pl, wl) = (P w,). The symplectic
relation p is said to be linear if (Pl, wl) and (Pz’ wz) are symplectic vector spaces
and R is a (linear) Lagrangian subspace.

It is known that a differentiable mapping p : P, = P, between two symplectic
manifolds (P,, wl) and (PZ’ wz) is a symplectic relation if and only if p is a local
symplectomorphism.

If ((Pl, wl), (Pz’ wz); R) is a symplectic relation, then for each (pl, p2) E€ER
the triple ((Tp] P,w |p), (szPz, w|p,), T(m,pz)R) is a linear symplectic rela-
tion. The following propositions are easily derived from the theory of linear
symplectic relations (see [5], [6], [7]):

(3.1) Let p : (P, w)) = (P, w,) be a symplectic relation. If p'(P,) (resp. p(P,)))
is a submanifold then it is coisotropic.
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(3.2) If the composition S°R of two symplectic relations is differentiable and
TSoTR = T(SoR),then it is a symplectic relation.

4. Symplectic Reductions

We call symplectic reduction a symplectic relation whose underlying differen-
tiable relation is a reduction. From the fact that differentiable reductions form
a category and from (3.2) (see also (11.6)) it follows that symplectic manifolds
and symplectic reductions are objects and morphisms of a category. We call this
category the category of symplectic reductions and we denote it by %% .

From the definition of reduction and from (3.1) we observe that the inverse
image of a symplectic reduction is a coisotropic submanifold of the domain.
We have the following more general statement:

@G Ifp =P w), Py wQ); R) is a symplectic reduction and if S is an isotro-
pic (resp. coisotropic, Lagrangian) submanifold of Py ), then p'(S) is an iso-
tropic (resp. coisotropic, Lagrangian) submanifold of (P, w).

Proof. We know that K = p(S) is a submanifold. For each (x, y) € R, the sub-
space T R c T sl (P x P) defines a linear symplectic relation. We have
T K= (T(x, » R)o (T S). From the theory of linear symplectic relations we know
that the image (or the inverse image) of an isotropic (resp. coisotropic, Lagran-
gian) subspace by a linear symplectic relation is isotropic (resp. coisotropic, La-

grangian). (Q.E.D.)

We present a basic example of symplectic reduction. Let C be a coisotropic
submanifold of a symplectic manifold (P, w). We call characteristic distribution
of C the involutive subbundle

(TC)§ - UXEC(TxC)§

of TC, and characteristic of C any maximal connected integral submanifold of
(TCO)S. Let us denote by P[C] the set of the characteristics. It is known that if
Pl ¢ has a differentiable structure such that the natural projection p.: C - P, is
a submersion, then there.exists a symplectic form on P[C], which we denote by
ey such that 52‘. Wi = W | C. In this case we say that (P, w) is globally redu-

cible by C. The symplectic form W0 is defined by the following equation:
(4.2) (Th o) ATp W), w ) = Av, w),
foreachu, vE Tx C. Let us define

(4.3) [Cl={(p.») EPx PP EC Y =p(P)
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The set [C] is the graph of p . interpreted as a subset of P x P[q. It can be proved
that

(4.4) pe=((P. @), (B> w3 [CD

is a symplectic relation [8]. Since p. is a (surjective) submersion, we conclude
that p, is a symplectic reduction. We call Pe the reduction with respect to C. We
call

4.5) (P, “")ICI = (P[C], wlc.])
the reduced symplectic manifold of (P, w) by C.

(4.6) Let p = (P, w), (P uO);R) be a symplectic' reduction and let p : C=P, be
the corresponding submersion. Then: (i) 5*w0 = ) [C; (ii) the fibers of p are
integral manifolds of the characteristic distribution of C; (iii) 2 codim C =
= dim P — dim P

Proof. For each (x, ) € R let us consider the linear symplectic relation T anP

TP T P defined by T R and the linear mapping T_p PEE, C— T P (we have
y = p(x)) For each pair of vectorsu, ve T, C we have (u T p(u)) (u p(u)) e
e T R Since T P is symplectic, {(u /\ v, w) — (T, p(u) /\T p(v), wy? = 0.
Thus (1) is proved. Let F = p'(y) be a fiber of p. Since p is a submers10n for each
x € F the linear relation T % P is an epimorphism (in the category of linear
symplectic relations). It fO]lOWS that (T C)¥ is the inverse image by T(x »n P of
the zero vector and that (*) dim (7, C')§ + dim T P =dim 7T, C. Hence we have
T FcC(T, 0)% and dim (T, 0% = dim C— d1mP On the other hand (see (2.1))
d1m F = dim C — dim P, thus TXF (TXC')§ and (ii) is proved. From equation
(*) above it follows that dim T P — dim TyP() — dim (TxC)§ = codim T, C. On
the other hand we have dim (TxC)§ = codim 7, C, thus dim 7 P — dim TyP0 =
= 2 codim TXC and equation (iii) is proved. (Q.E.D)

(4.7) Let p : (P, w) = (P, wo) be a symplectic reduction. For each submanifold
S C P,we have dim p'(S) —dim § = 1/2 (dim P — dim P).

Proof. We use (2.2) and part (iii) of proposition (4.6): dim p’(S) — dim § =
= dim C — dim P, = dim P — codim C — dim Py = dim P — 1/2 (dim P —
—dim Py —dim Py, (Q.ED.)

(4.8) Let p : (P, w) = (P wo) be a symplectic reduction with connected fibers
and let C be the inverse image of p. Then the symplectic manifold (P, w) is global-

ly reducible by C and there exists a symplectomorphism t : (P, w)(C] - (P wo)
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such that p = vo p,where p.is the reduction defined by C.

Proof. Since the fibers are connected, from proposition (4.6), part (ii), it follows
that each fiber of p is a characteristic of C.Thus there is a natural bijective map-
ping ¢ : P[C] P which associates with each y € P, the corresponding fiber. The
mapping ¢ induces from P, a differentiable structure on P, . such that the natural
projection p c' C - P{C] is a submersion. From part (i) of (4.6) it follows that
(Tp(u) N TH(), wy) = u Av, w) for each u, v € T, C, where p : C > P, is the
submersion associated with p. The left hand side of the last equation becomes
equal to (T(te po) W) AT(Le po) W), wy)=(TpH () A Tf)c(v), t*w). The right
one is equal to (Tﬁc(u) A T,SC(U), w[C]) (see definition (4.2)). This shows that
*wy = Wi (Q.E.D.)

€1
5. Lagrangian Submanifolds Generated by Forms

Let Q be a differentiable manifold. We denote by o TQ - Q and Ty T*Q »
— O the tangent and the cotangent bundle projections respectively. We denote by
BQ the Liouville I1-form on T*Q. We recall that 6 0 is defined by the equation

(5.1 w,0,)= (T wQ(v),'rT,Q(u)), vYv e TT*Q.
We consider on T*Q the canonical symplectic form

(5.2) Wy = db,

and we call the symplectic manifold

(5.3) IPQ = (T*Q, wQ)

the phase manifold of Q.
Let K C Q be a submanifold and let y be a 1-form on K. We define

(5.4) AQ:K, N ={peT*Q;q= 1o(P) €K, (u, p)=(u, 7), Yu€ TqK}.

(5.5) (i) The set L = %Q; K, v) is a submanifold of T*Q and dim L = dim Q; (ii)
the mapping 7 : L - K induced by Ty is a surjective submersion with connected
fibers; (iii) m*y = BQ | L.

Proof. (i) Let (g*) (¢ =1, ..., n) be local coordinates on Q such that X is locally
defined by equations q"7 =0@=1,...,1;1=codim K). From (5.4) we see that
L is locally described by the following n equations: qE =0,p, = -ya(qb) (a, b=
=1+1,...,n), where (g%, pa) are the canonical coordinates on T*Q associated
with (¢g%) and v, are the corresponding local components of vy (coordinates (¢*)
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can be interpreted as coordinates on K| thus y = 'yadq"). (ii) The mapping 7 is
clearly a surjective submersion. If g € K and p € n’(q), then from (5.4) it follows
that 7'(g) = p + (Tq K)° where (Tq K)? is the space of covectors vanishing on
Tq K. This shows in particular that the fibers are connected. (iii) For each p€ L
and for each v € TPL we have: (v, BQ) = (T 7(v), p) = (T 7(v), v) = (v, 7).

(Q.E.D.)

As a corollary of proposition (5.5) we have:

(5.6) The manifold UQ; K, ) is a Lagrangian submanifold of PQ if an only if
dy=0.

The following converse statement can be obtained by summarizing results de-
rived in [9]. A direct proof will be given in Section 8.

(5.7) Let L be a Lagrangian submanifold of a phase manifold PQ such that K =
=T, (L) C Q is a submanifold and the surjective mapping 7 : L - K mduced by

L zs a submersion with connected fibers. Then: (i) there exists a unique closed
1-form v on K such that GQ | L = m*v; (ii) L is an open submanifold of AQ; K, 7).

The 1-form 7 : T*K = K is called rhe generating form of L. Any (local) integral
function of v is called a (local) generating function of L.
Let us consider the following two particular cases of definition (5.4):

Q) =AQ2: 0, V),
(5.8) NK = (Q; K. 0)={pe T*Q;q = 1y(p) €K, (u,p)=0, Yu €T K}

0
qEK(T K)

The submanifold y(Q) is the image of the section v : @ = T*Q. The submani-
fold INK is called the conormal bundle of the submanifold K.

We say that a submanifold L of a cotangent bundle T*Q is homogeneous if
peL=rp€L, Yre€R. (This terminology differs from that used by other Au-
thors). We remark that INK is a homogeneous Lagrangian submanifold of PQ. In
the next sections we shall use the following

(5.9) LEMMA. Let L be a homogeneous Lagrangian submanifold of a phase mani-
fold PQ such that K = nQ(L) C Q is a submanifold. Then L = INK.

Proof. Let us take the set C ={p € T*Q; 7rQ(p) eK)= w’Q(K). This set is a coiso-
tropic submanifold of IPQ. The characteristics of C are the equivalence classes
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of the following equivalence relation on C:
p~peqg=m,(p)=1,(P), p—pET,K".

The dimension of a characteristic is equal to codim K and the vectors belonging
to (TC)¥ are vertical with respect to the projection Ty ie.ve(TO)S=T -nrQ(v) =
= 0. Let us consider K as a submanifold of the «zero sectiony» of T#Q. Thus K
is an isotropic submanifold of IPQ contained in C and transversal to the characte-
ristics of C. By the global Cauchy theorem for the Hamilton-Jacobi equation (see
for instance [10], Theorem 5.3.30), we can observe that the Lagrangian submani-
fold NK = qu T qK)§ C C is the unique maximal Lagrangian submanifold
made of characteristics of C issued from K. On the other hand the homogeneous
submanifold L also contains K (interpreted again as a submanifold of the zero
section of 7*Q) and it is contained in C. We conclude that L is an open submani-
fold of INK. The projection 7 : L - K induced by To is clearly a submersion, thus
the set Lq =LN T;‘Q = 7' (g) is a submanifold for each q € K. On the other hand,
since L is homogeneous, each L is the union of 1-dimensional subspaces (or it is
the zero vector) of T*Q We conclude that L is a subspace of T;Q. Furthermore,
from L C INK it follows that Lq C(T K)O Both these spaces have the same
dimension, thus L = (T K)° for each q E K. This shows that L = INK.

(Q.E.D.)

6. Canonical Lift of Differentiable Relations

Let us consider the product @, x Q2 of two differentiable manifolds Q] and Qz'
The mapping

v:T*Q, x T*Q2—> ™Q,*Q,)
defined by
(6.1) (Quy, u), Y(pys p)) = —uy, p) + (uy, Dy,

where (u;, u,) € T(qqu) (Q,x0,),q,= wgl(pl), q, =1, (p,), is a symplecto-

morphism from (IPQI)r x PQ, onto P (Q, x Q).
For each submanifold 4 C Q1 X Q2 we define (see (5.8))

(6.2) NA = v {(INA) =
={(p1’p2)eT*Q] X T*Qz’(qp qz) = (‘”le'ngz) (PI:PZ) EA,
A}.

Since INA is Lagrangian and » is symplectic, N4 is a Lagrangian submanifold of

(PQ )" x PQ,.

(up,p))= (uz,pz) V(ul,u)e -
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(6.3) DEFINITION. Let o = (Q,, Qz; A) be a differentiable relation. We call the
symplectic relation

Pa = (PQ,, PQ,; NA)

the canonical lift of a.

The following properties hold:

(6.4) mp,° Pa=aom, ;
(6.5) P(a’) = (Pa)’;
(6.6) Pl, =1,

(we denote by 1,, the identity transformation on a manifold M).

According to the terminology adopted in Section 5 we say that a relation
between cotangent bundles p = (T*Ql, T*Qz; R) is homogeneous if (pys pz) IS
€R=(rp,,rp,) ER foreachr e R.

The composition of two homogeneous relations is again a homogeneous rela-
tion. The canonical lift of a differentiable relation is homogeneous. By using the
symplectomorphism », Lemma (5.9) provides the following general criterion for
checking if a homogeneous symplectic relation between phase manifolds is a
canonical lift.

(6.7) Let p = (PQ,, ]PQ2; R) be a homogeneous symplectic relation. If A =
= (1rQ1 X ﬂgl) (R) C Q,x Q2 is a submanifold, then p = Pa where o= (Q, QZ;A).

Lemma (5.9) is also used in the proof of the following theorem on the lift of
a composed relation.

(6.8) Let o : Q1 >0, and 8 : Q2 - Q, be differentiable relations. If fo o and
PB o P are differentiable, then IPf o Pa= IP(f o o).

Proof. Let us set & = (Q,, @,; A), B =1(Q,, @, B), R = graph Pa, S = graph PS.
For each (ql, q3) € B o A there exists a q, € Q2 such that (ql, qz) € A and
(g, 513) € B. We can interpret q,. q,, 4, as elements of the zero section of T*Q,,
T*Q,, T"*Q3 respectively. Thus we can write (¢,, ¢,) € R, (g, q,) €S. 1t follows
that (g, q3) € S o R. We conclude that B o A C (”Ql X an) (S o R). The inverse
inclusion is obvious. Hence Bo A = (*er1 X ﬂQz) (S o R). Since (S o R) is a ho-
mogeneous Lagrangian submanifold of IP(Q1 X Qz) which projects onto B o 4,
Lemma (5.9) implies (S o R) = IN(B o 4). (Q.E.D)
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7. The Phase Functor

(7.1) The canonical lift of a reduction is a symplectic reduction. Let G :é =0, be
the surjective submersion associated with a reduction o : Q - Q,and let p:C~
- T*Q, be the surjective submersion associated with p = Pa. Then

(i) graph Pa = {(p, pg) € T*Q x T*Q ;4 = my(p) € Q, gy = m,,_(py) = &q),
(u, p)= (Ta(u),po) Yu€e T Q}

(i) C={p€T*Q;q =my(P) € 0., p)=0, Yu € T,0 : Téu) = 0);
(iii) dim € = dim Q + dim Q,;

(iv) the mapping 7 : C - Q induced by Ty is a surjective submersion and M0 © p=
= 01 o,

(v) the fibers of p = P« are the equivalence classes of the following equivalence
relation on C:

p~p <= ton(p)=a&on(p),
(u, py= (@ p), Yu €T, 0, WE T, 0: Ta(u) = T&(w).

Proof. Expression (i) follows at once from definition (6.2). Let us denote by R
the graph of Pa. Let us take a covector Py € T* QO Let us choose a point g € Q
such that &(g) = g, and let us consider a decomposmon T Q =V eFE®F where:
V C T Q is the space tangent to the fiber of @ at g, E C TqQ is transverse to V, F
is a supplementary space of V@& E in TqQ The tangent mapping T'& provides a
natural isomorphism E = T OQO. Thus we have a natural isomorphism T;Q ~
~ V¥ e E* @ F* with E* = T:OQO. If we take an element p € T;Q such that
p=0® Py @2z, where z is an arbitrary element of F*, then from (7.2) we can see
that (p, py) € R. Further, for each u € TqQ such that u ~ u' ® 4" ® 0, where
u" € Ta(u), we have (u, p) = (Ta(u), py)- This proves that the image of Pu is
T*Q,and that the inverse image is the set C given in (ii). If (p, py: (o, ﬁn) €ER,
then from (i) we see that Py ;—)0 g T;"OQ0 where 4y = a o wQ(p) and that
(Ta(u), py) = (Ta(u), py), Yu € TqQ. Hence p, = p, and R is actually the graph
of a surjective mapping g« C — T*Q, We prove that C is a submanifold and that
p is a submersion by using local coordinates. Let us set m = dim Q, my= dim QO,
l—cod1mQWehavem>m0, — 1 =m, Let(q)—(q q)(z—l n;
a=1, o b d= I+1,...,m)be coordmates on Q such that Q is locally defmed
by equatlons q = 0. We can interpret (g%) as coordinates on Q. Let (qD) k=1,
., m) be coordinates on Q, and let q = a"(g”) be the local representation of
the submersion &. The rank of the (m — I) x m, matrix | @ a“ | is maximal, i.e.
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equal to m,, at each point. We denote by (q", p,;) and (q‘(';, p,,) the natural cano-
nical coordinates on 7*Q and T*Q0 associated with (q') and (qg) respectively.
From (i) we see that R is locally represented by the following m + m inde-
pendent equations:

(1.2) ¢ =0,q5="q", p, = Py, 3,%"(q").
From (ii) it follows that C is locally represented by equations
(7.3) ¢ =0, p,=03,0"t,,

where (rK) are real arbitrary parameters. Hence C is a submanifold of dimension
m + mg and also (iii) is proved. We can give a _parametric description of C by
taking (q°, Pss tx) as parameters:

qi =fi(qa,P5’t,‘)v p; =f,-(qa,Pa,tK)-
We have:

(7.4) ff=q¢" =0, f,=0,a%, f=p,.
As a consequence, the mapping p : C - T*Q is represented by the equations

(1.5) a5=a@"), Py, =1,

which follow from the last equations in (7.2) and (7.3), taking into account that
the matrix 49 & | has maximal rank. Equations (7.5) define a submersion. We
conclude that p is a differentiable reduction. Statements (iv) and (v) follow at
once from the preceding discussion. (Q.E.D.)

Since the relation composed by two differentiable reductions is a differentiable
reduction, from propositions (6.8) and (7.1) it follows that

(7.6) If o : Q, = Qzand B: Q,— Q,are differentiable reductions, then IPg o Pa =
= ]P(ﬁ o 0!).

We conclude that the operator P which associates with each manifold Q the
phase manifold PQ = (T*Q, wg) and with each reduction « the canonical lift
Pa defined in (6.3) is a covariant functor from the category of differentiable
reductions to the category of symplectic reductions. We call P : # - ¥% the
phase functor.

(7.7) REMARKS. Diffeomorphisms and symplectomorphisms are isomorphisms
in # and ¥R respectively. If « is a differentiable reduction such that also o is
a reduction, then « is a diffeomorphism. If & : @ - Qs a diffeomorphism, then
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PPa is a symplectomorphism (see (6.5)). In this case expression (i) in proposition
(7.1) becomes

graph Pa = {(p, pp) € T*Q x T*Qy; 1, (py) = awe m,(p),

(u, py=(Ta(w), pg), Yu €T, ()0}

Hence the symplectomorphism Pe is defined by the equation
(7.8) (v, Pa(p)) = (T o (), p)
foreachpeT*Q andv e Tq Q, withg = nQ'(p). Thus we observe that
(7.9) Poa=T*a"!,
where T%* is the so called cotangent functor. This is a contravariant functor

which operates only on diffeomorphisms (see for instance [10], Ch. 3).

(7.10) Let ¢ : Q - Q, be a differentiable reduction and let « : é 0 be the
corresponding submersion. For each submanifold KO C-Qy and each 1l-form
Yp0n K0 the following identity holds:

(Pa)t (Q(QO’ Kol 70)) =UQ; K, v)
where K = o (K,) and v = &*y,| K.
Proof. Let us set Ly = 2Qp Ky 7y, L = 2Q; K, v), N= (P ) (L). Taking into
account definition (5.4) and proposition (7.1), part (i), we have:
(7.11)  L={peT*Q;q=my(p) €K, (u p)=T&(u), vy, Yu €T K};

Ly={p,€T*Qy;a, =1, (P € K, (s P0) = iy Te), Yy € T, Kok

(7.12)  N={p€T*Q;q=myp)€Q, Ip € L, :qy= 7, (P) =&(q),

(u, p) = (T&W), py), Yu ET,0}=

={p€T*Q:q=my(p)EK, Ip, € T*Q:q, =7, (py) =8(q) €K,
(g Do) = gy Vo), Yty € T, Ky, u, p) = (Talu), py), Vu € T, Q).

Let us take a covector p € N. We have g = WQ(p) € K and, for any u € TqK C
c TqQ, w, p) = Ta(u), py» = (Ta(u), ), since Ta(u) € T%KO. From (7.11) it
follows that p € L. This shows that N C L. Conversely, let us take a covector
p € L. We have g = 1rQ(p) € K. Let us take any vector u € Tq é such that Ta(u) =
= 0. The vector u is tangent to the fiber of & containing g; hence u € Tq K, be-
cause of the definition of K. From (7.11) it follows that (u, p) = (Ta(u), =0
This shows that p belongs to the inverse image of (Pa)’ (see (7.1), part (ii)). As

























































